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CONIC SECTIONS. 



INTEODUCTION. 

1. Def. The curve traced out hj a point, which moves in 
such a manner that its distance from a given fixed point 
continually bears the same ratio to its distance from a given 
fixed line, is called a Conic Section. 

The fixed point is called the Focus, and the fixed line the 
Directrix. 

Thus if S he the focus, and KK' K 
the directrix, and P a point from which 
PM is drawn at right angles to the 
directrix, the curve traced out by P 
will be a Conic Section, provided P ^ 
move in such manner that SP always 
bears the same ratio to PM. 

(1.) When the distance from the 
fixed point is equal to the distance 
from the fixed line, that is, when SP 
is equal to PM, the Conic Section is 
called a Parabola. 



K' 




(2.) T\'^hen the distance from the fixed point is less than 
the distance from the fixed line, that is, when the ratio which 



2 CONIC SECTIONS. 

8P bears to FM is less than unity, the Conic Section is 
called an Ellipse. 

(3.) When the distance from the fixed point is greater 
than the distance from the fixed line, that is, when the ratio 
which 8P hears to PM is greater than unity, the Conic 
Section is called an Hyberiola. 

2. The reason of the term Conic Sections being applied 
to these curves is that, when a Cone is intersected by a plane 
surface, the boundary of the section so formed will, in general, 
be one or other of these curves. 

I purpose to investigate the properties of the Conic Sections 
firom the definitions given above, and afterwards to show in 
what manner a Cone must be divided by a plane in order 
that the curve of intersection may be a Parabola, Ellipse, or 
Hyperbola. 



CHAPTER I. 

THE PABABOLA. 

Prop. I. 



3. The focus and directrix of a paratola teing given, to 
find any numter of points on the curve. 




Let S be the focus, and KK' the directrix. 

Draw X8x at right angles to the directrix, and bisect the 
line SX in A ; then 

since A8= AX, 

.•. A'ls & point on the curve. 

The point A is called the Vertex, and the line Ax, with 
respect to which the curve is evidently symmetrical, is called 
the Axis. 

b2 
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On the directrix take any point M ; join 8M; and draw 
MP at right angles to the directrix. 

At the focus S make the angle MSP equal to the angle 
BMP; then 

8P= PM, 

. ■ . P is a point on the curve. 

So by taking any number of points, M', M", on the 

directrix, we may obtain as many points, P, P", on the 

curve as we please, and the line which passes through A and 

all these points will be the parabola whose focus is H and 

. directrix KK'. 

CoE. 1. As M is taken further away from the point X, the 
line 8M and the angles BMP, MSP, and, consequently, the 
lines SP and PM, continually increase. Hence, since XM 
and J/ P increase together, the curve recedes at the same time 
both from the axis and directrix ; and since the angle BMP 
can never exceed a right angle, and the lines SP and MP will 
therefore always meet, it is evident that there is no limit to 
the distance to which the curve may extend on both sides of 
the axis. 

Cor. 2. The parabola may be described practically in the 
following manner. 
K 



M 



X 
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Let S be the focus and KX be the directrix ; and let a rigid 
bar QM, having a string of the same length as itself fastened 
at one end Q, be made to slide parallel to the axis with the 
other end M on the directrix ; then if the other end of the 
string be fastened at the focus, and the string be kept 
stretched by means of the point of a pencil at P, in contact 
with the bar, since SP will always be equal to PM, it is 
evident that the point P will trace out the parabola. 
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Prop. II. 
4. The distance of any point inside the paratola from the 
focus is less than its distance from the directrix ; and the 
distance of any point outside the parabola from the focus is 
greater than its distance from the directrix. 




(1.) Let Q be a point inside the parobola. 

Draw QM at right angles to the directrix, meeting the 
parobola in P; join SP; then 

since SP = PM, 

.-. 8PaniPQ= QM. 

But SP&niPQ> 8Q, 

.-. QM> 8Q. 

(2.) Let ^ be a point outside the parabola. 

Draw MQ at right angles to the directrix, and produce it 
to meet the parabola in P; join SP; then 

since ^S^ and QP> SP, 

and SP = PM, 

.-.SQ &ni QP>PM, 

.-. SQ> QM. 

Cor. Conversely a point will be inside or outside the 

parabola according as its distance from the focus is less or 

greater than its distance from the directrix. 

5. Dep. The line PN {see fig. Prop. III.) drawn at right 
angles to the axis from the point P in the curve is called the 
Ordinate of the point P, and the line AN the Abscissa. 
The double ordinate BG drawn through the focus, and termi- 
nated both ways by the curve, is called the Latus Rectum. 
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-Prop. III. 
The Latus Kectum JSC = 4:AS. 







Draw ^Z" at right angles to the directrix. 

Then 8B = BK=SX= 2AS, 
.•.BG = 4>A8. 

6. Def. If a point P' be taken on the parabola {see fig. 
Prop. IV.) near to P, and PP' be joined, the line PP' pro- 
duced, in the limiting position which it assumes when P' is 
made to approach indefinitely near to P, is called the Tangent 
to the parabola at the point P. 



-Prop. IV. 

If the tangent to the parabola at any point P intersect the 
directrix in the point Z; then SZ will be at right angles to 
SP. 

Let P' be a point on the parabola near to P. 
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Draw the chord PP', and produce it to meet the directrix 
in Z; join SZ. 

Draw PM, P' M' at right angles to the directrix ; join SP, 
SP' ; and produce PS to meet the parabola in Q. 
Then, since the triangles ZMP, ZM'P' are similar, 

.-. ZP : ZF :: MP : M'F, 

:: 8P : SP, 

.-. SZ bisects the angle F8Q. (Euclid, VI. Prop. A.) 

Now when F is indefinitely near to P, and PP' becomes 
the tangent at the point P, the angle PSF becomes indefinitely 
small, while the angle Q8P' approaches two right angles, 
and therefore the angle P' SZ, which is half of the angle 
P'SQ, becomes ultimately a right angle. 

Hence, when PZ is the tangent, 

the angle Z8P is a right angle, 
or SZ is perpendicular to 8 P. 

QOE. Conversely, if SZ be drawn at right angles to SP, 
meeting the directrix in Z, and PZ be joined, PZ will be a 
tangent at P. 
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Pkop. V. 



7. The tangent at any point P of a parabola iDisects the 
angle between the focal distance SF, and the perpendicular 
PM on the directrix. 




Let the tangent at P meet the directrix in the point Z; 
ioin 8Z; then since the angle Z 8P is a right angle, (Prop. 

IV.) 

• ZS' + SP' = PZ^. 
Also ZM' + MP" =PZ'. 

.■.Z8' + Sr^ZJiT + MP'. 
But SP=PM, 
.■.ZS=ZM. 

Now in the triangles ZP8, ZPM, 

■.■ ZP,PS= ZP, PM, each to each, 
and Z8 = ZM, 
. the angle 8PZ = the angle MPZ ; 
or PZ bisects the angle 8PM. 
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COK. 1. If ZP be produced to R, then the angle 8PB = 
the angle MPS. 

COE. 2. It is evident that the tangent at the vertex A is 
perpendicular to the axis. 



-Peop. VI. 

8. The tangents at the extremities of a focal chord inter- 
sect at right angles in the directrix. 

Let PS § be a focal chord, and let the tangent at P meet 
the directrix in Z. 

Join 8Z; then 

the angle Z8P is a right angle, (Prop. IV.) 
and . • . also the angle Z8 Q is a right angle, 
.-. ZQ is the tangent at Q, {Prop. IV. Cor!) 

or the tangents at the extremities of the focal chord P8Q 
intersect in the directrix. 

Again, draw PM, QM' at right angles to the directrix; 
then 

since MP, PZ = 8P, PZ, each to each, 

and the angle MPZ = the angle 8PZ, 

.-.the angle MZP = the angle 8ZP, 

. •. the angle 8ZP is half of the angle 8ZM. 

So the angle 8ZQ is half of the angle 8ZM', 

. •. the angle PZQ is half of the two 8ZM and 8ZM . 

But the angles 8ZMa,nd. 8ZM' = two right angles, 
.-. the angle PZQ is a right angle, 

or the tangents at the extremities of a focal chord intersect 
at right angles in the directrix. 
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Pbop. VII. 

9. If the tangent at any point P of a parabola meet the 
axis produced in the point T, and PN be the ordinate of the 
point P, then NT =2 AN. 




Join 8P, and draw PM at right angles to the directrix ; 
then 

•.•the angle SPT= the angle MPT= the angle 8TP, 
.-. 8T= SP. 
BvitSP=PM = XN, 
.-. ST = XN. 
' But AS = AX, 
. . the remainder AT = the remainder A N, 
.-. NT=2AN. 
Def. The line NT is called the Subtangent. 

10. Dep. The line PG, drq,wn at right angles to PT, is 
called tlie Normal at the point P, and NG the Subnormal. 



Peop. VIII. 

If the normal at the point P of a parabola meet the axis 
in the point G, then NG = 2AS. 
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Since the angle SPG = the complement of the angle SPT, 
and the angle SGP = the complement of the angle STP, 
and also the angle SPT = the angle STP, {Prop. VII.) 
.-. the angle SPG = the angle SGP, 
.-. SG = SP. 
Bu.tSP=PM=XN, 
_.-. 8G = XN. 
Taking away the common part 8N, 

the remainder NG= 8X= 2 A S. 

Prop. IX. 

11. If PN be an ordinate to the parabola at the point P; 
then PJSr = 4A S . AN. 

Since TPG is a right angle, and PN perpendicnlar to TG ; 

■. PJVis a mean proportional between TNand. NG ; 

or PJV' = TN.NG. {Euclid, VI. 8 Cor.) 

But TN=2AN, {Prop. VII.) 

and NG = 2 A S, {Prop. VIII.) 

.-. PN' = 4:AS.AN. 

Peop. X. 

12. If the tangent at any point P intersect the tangent at 
the vertex in Y, then SY will bisect PP at right angles, 
and will be a mean proportional between 8 A and SP. 

Draw PN at right angles to the axis ; then 

since ^ Fis parallel to PN, 

.-. TY: YP:: TA : AN. 

Bat AT = AN, {Prop. VII.) 

.-. PF = P7; 

and •.• SY, YP= SY, YT, each to each, 

a.ndSP=ST, {Prop. Yll.) 

.-. the angle ^FP= the angle SYT, 

.-. SY is perpendicular to PT. 
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Again, since TYS is a right angle, and YA perpendicular 
to ST, 

. SY is & mean proportional between 8T and 8 A ; 
or >Sf7^ = *SfT . SA. [Euclid, VI. 8 Gor.) 
Bat ST =SF, (Prop. VII.) 
.-. SY' = SF .SA. 
Cor. If PM be drawn at right angles to the directrix, and 
if F be joined, then 

since 8P,PY= MP, FY, each to each, 
and the angle SPY = the angle MP Y, (Prop. V.) 
.-. the angle SYP = the angle MYP, 

.■. SY and YM are in the same straight line. 

Pkop. XI. 

13. To draw a pair of tangents to a parabola from an 
external point. 
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Let be the given external point. 

Join OyS, and with centre and radius OS describe a 
circle, cutting the directrix in ikf and M' , which it will always 
do, on whichever side of the directrix is situated, since 
is nearer to the directrix than to the focus. (Prop. II.) 

Draw MQ and M' Q parallel to the axis meeting the 
parabola in Q and Q'. 

Join OQ, OQ ; these will be the tan ts required. 

Join 8 Q and S Q ; then 

■-■ OQ, QS = OQ, QM, each to each, 

and OS' = OM, 

. . the angle OQS=i\ie angle OQM, 

.-. OQ is the tangent at Q. {Prop. V.) 

So OQ' is the tangent at Q'. 

Prop. XII. 

14. If from a point a pair of tangents OQ and OQ' be 
drawn to a parabola, the triangles . OSQ, 08 Q' will be 
similar, and OS will be a mean proportional between SQ 
and SQ'. 

Join 8M, cutting OQ at right angles (Prop. X. Cor.) in 
the point Y; then 

since the angle SQO = the angle MQO,{Prop. V.) 
and the angle MQO = the angle 8 MM', 
each of these angles being the complement of the angle QMY, 
.-. the angle /S<90 = the angle 8MM'. 

But the angle 8MM' at the circumference is half the angle 
80 M' at the centre, and is therefore equal to the angle SOQ'. 

.-. the angle SQO = the angle SOQ'. 

So the angle SOQ = the angle SQfO, 

.-. the remaining angle OSQ = the remaining angle 08 Q". 
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And therefore the triangle 08Q is similar to the triangle 

osq. 

.-. 8Q : 80 :: 80 : 8Q', 
.: 8Q. 8Q' = 8a'. 
or >SiO is a mean proportional between 8Q and 8Q. 



Prop. XIII. 

15. If a pair of tangents OQ, OQ' be drawn to a parabola, 
and F be drawn parallel to the axis meeting Q Q in V, then 
Q Q' shall be bisected in F. 




Draw QM, Q'M' at right angles to the directrix. 

Join OM, OM' ; and let V meet MM' in Z. 

Then, since 0M= OM, {Prop. XI.) 

.-. the angle OMZ= the angle OMZ, 

and the angle OZM = the angle OZM', 
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and the side OZ is common to the triangles OZM, OZM\ 
.-. MZ= M'Z. 
And because the lines QM, ZV, Q M are parallel, 
.-.QV -.qV:: MZ ■ M'Z. 
But MZ= M'Z, 

.-. Qv=qv, 

.• QQ \a bisected in V. 



Peop. XIV. 

16. If from a point a pair of tangents OQ, OQ', be 
drawn to a parabola, and OF be drawn parallel to the axis 
meeting the parabola in P, and QQ in V, then the tangent 
at P will be parallel to QQ and OF will be bisected in P. 




Draw the tangent EPE meeting OQ, OQ' in E and E'. 

Join PQ, and draw ^JT parallel to the axis, meeting PQ 
in W; 
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Then, by the last Proposition, 

FW= WQ. 
And because RW \& parallel to OP, 

.-. OR : RQ :: PW : WQ. 
ButPTr= WQ, 
.■ OR = RQ; 
soOR' = R'Q', 
.-. OR : RQ :: OR' : RQ, 
.-. RR' is parallel to QQ". 
Again, since PR is parallel to Q V, 

■. OP: PV :: OR : RQ. 
But 0R = RQ, 
. . OP=PV. 

COE. From this it is manifest that if any number of parallel 
chords be drawn in a parabola, their middle points will all lie 
on the line parallel to the axis which passes through the point 
where the tangent Srawn parallel to the chords meets the 
parabola. 

Def. Any line PV, drawn from a point P in the parabola 
parallel to the axis, is called a Diameter. 

The point P is called the Vertex of the diameter PV; and 
the tangent at P the Tangent at the Vertex. 

The diameter consequently bisects all chords parallel to the 
tangent at the vertex, and the tangents at the extremities 
of any chord will intersect in the diameter corresponding to 
that chord. 

Def. a line QV, drawn parallel to the tangent at P from 
a point Q in the curve, is called the Ordinate to the diameter 
PV. 

Prop. XV. 

17. If QVho, an ordinate to the diameter PF, then QV^ 
= i.8P. PV. 
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Produce QV io meet the parabola in Q' ; and draw the 
tangents QO, Q' 0, meeting FP produced in the point 0. 
(Prop. XIV.) 

Also let the tangent at P meet OQ m B, and join 8P, 
SB, and SQ. Now since from the point B two tangents BP, 
B Q are drawn to the parabola, the triangle BP8 is similar 
to the triangle B8Q, {Prop. XII.) 

.-. the angle 8BP = the angle 8QB. 

But the angle 8QR = the angle 8TQ, (Prop. VII.) 

= the angle POB, 

.-. the angle 8BP= the angle POB, 

and the angle 8PB = the angle OPB, (Prop. V. Cor. 1.) 

.• the remaining angle B8P= the remaining angle OBP, 

. •. the triangle 8PB is similar to the triangle POB, 

.-. 8P: PB :: PB : PO, 

.-. PB' = 8P. PO, 

= SP.PV. (Prop.XlY.) 

Again, since ^ F is parallel to PB, 

.: QV : PB :: OV : OP. 

But OF = 2 op; (Prop. XIV.) 
c 
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.-. QV = 2 PR, 

= A8P.PV. 

18. Def. The double ordinate to the diameter PV, drawn 
parallel to the tangent at P, and passing through the focus, is 
called the Parameter of the diameter P V. 



Prop. XVI. 



The parameter of the diameter 



.< 



4. 8 P. 




Draw Q8Q' through the focus parallel to the tangent at P, 
and let the tangent at P meet the axis produced in T; then 

Qr' = 4.8P.Pr. {Prop. XV.) 

But PV = 8T= 8P, (Prop. VII.) 

.-. Qr'--=4.SP'; 

or Qr=28P, 

.: QQ' = 4:8P 



CONIC SECTIONS. 

Peop. XVII. 
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19. If two chords of a parabola intersect one another, the 
rectangles contained by their segments are in the ratio of the 
parajneters of the diameters which bisect the chords. 




Let the chords Qq, Q'^ intersect one another in the point 0. 

Bisect Qq, Q'^ in Fand V ; and draw the diameters PV, 
P V parallel to the axis. 

Also, through draw OR parallel to P V; and through E 
draw B W parallel to Q V. 

Now, since Qq is divided equally in Fand unequally in 0, 
.: QO . Oq := QV - or, {Euclid. II. 5) 
= QV^-BW-\ 

= ASP. PV- 4:8P. PW, {Prop. XV.) 
= ASP. BO. 
So Q'O. 04 = ASF .BO. 

Hence QO . Oq: Q'O . Oq' :: ASP: ASF. 

c2 
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By Euclid, IT. 6, the same may be proved to be true if the 
point be without the parabola. 



Peop. XVIII. 

20. If from an external point a pair of tangents OQ, 
OQ be drawn to the parabola, and the chord QQ be joined, 
the area of the figure bounded by QQ and the curve is 
two-thirds of the triangle Q Q. 




Draw the diameter OF meeting the curve in P; and let 
the tangent at P meet OQ, OQ' m R and B'. 

Join QP, Q'P; then 

since OR = RQ, 

--. the triangle OPR = I the triangle OPQ, 

= I the triangle VPQ. 
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So the triangle OPR = J the triangle VPQ', 

.-. the triangle OBB' = J the triangle PQQ'. 

Again, if through B and B' we draw the diameters Bp, 
B'p' ; and at the points p and p' draw the tangents rpr^, r'p'r\, 
we can prove in, the same manner as before that 

the triangle Brr^ = ^ the, triangle QpP, 

and the triangle B'r'r', = J the triangle Q'p'P. 

Continuing in this manner to form new triangles by 
drawing diameters at the points r, r„ and r', rf, and tangents 
at the points where these diameters meet the curve, we can 
prove tliat the exterior triangles formed by the tangents are 
the halves of the interior triangles formed by joining the 
points of contact with the extremities of the chords. 

And the same will hold however the number of the triangles 
be increased. 

Hence the sum of all the exterior triangles will be equal to 
half the sum of all the interior angles, 

Now when the number of the triangles is increased in- 
definitely, the sum of the exterior triangles will represent the 
exterior figure OQPQ', and the sum of the interior triangles 
the area of the interior figure QPQ. Hence 

the area of the figure OQPQ' = J the area of the figure QPQ' 

.-. area of the figure OQPQ' = ^ the area of triangle QOQ', 

.-. area of the figure QPQ' = § the area of triangle QOQ'. 

21. Def. If with a point on the normal at P as centre 
and OP as radius, a circle be described touching the parabola 
at P and cutting it in Q; then when the point Q is made to 
approach indefinitely near to P, the circle is called the Circle 
of Curvature at the point P. {See fig. Prop. XIX.) 
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Peop. XIX. 

The chord of the circle of curvature, at a point P of a 
parabola, drawn parallel to the axis = 4t8P. 

Let FT he the tangent, and FG the normal at the point F 

With centre and radius OF describe a circle cutting the 
parabola in the point Q. 

Draw RQX parallel to the axis meeting the circle in X 
and the tangent at F in F. 

Also draw QV parallel to FR, and PTF parallel to the 
axis; then 

since RF touches the circle at F, 
. . RQ.RX^ PR\ {Euclid, III. 36.) 
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But PE' = QV' = 4.8P.PV, (Prop. XV.) 
. . IiQ.BX = 4:SP.PV. 
But BQ = Pr. 

.-. BX = 4:SP 

Now when the, circle becomes the circle of curvature at F, 
the points -B and Q move up to and coincide with P, and the 
lines BX and P W become equal. 

Hence the chord of the circle of curvature parallel to the 
axis = 4 SP. 

CoE. 1. If PUhe the diameter of the circle of curvatm-e, 
and PF the chord through the focus ; then 

since the angle FPU = the angle WPU, (Prop. VIII.) 
.-. PF=PW=4:8P. 

CoE. 2. If (SfFhe drawn at right angles to P^; then 
the triangle PFU is similar to SYP, 
.-. PU : PF :: SP : SY, 
orPZ7 : ASP :: SP : SY. 

Peop. XX. 

If QYQ be any ordinate to the diameter PY, the cn-cle 
described through the three points P, Q, Q' will intersect the 
parabola in a fourth point, which depends only upon the 
position of P- 

Draw the ordinate PK, and produce it to meet the parabola 
in P' ; then, 

since the subtangent = 2 . AN. {Prop. VII.) 

The tangents at P and P' will meet the axis in the same 
point T. 

Draw PR parallel to 2'P', meeting the parabola in B, and 
QQ' in 0; then 

PO . OR: QO . OQ :: SP' : SP. {Prop. XVII.) 
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But /S'P= ST=SP', (Prop. VII.) 

.-. po. OR^ Qo. oq. 

Hence by the converse of Euclid III. Prop. 22, the pomt i? 
is on the circle which passes through P, Q, Q. 

Cor. 1. Since TP and TP' are equally inclined to the axis, 
the lines QQ, PP, which are parallel respectively to TP and 
TP', are also equally inclined to the axis. 

Cor. 2. When the point V is brought indefinitely near to 
P, QQ' coincides with the tangent to the parabola at P, and 
becomes also a tangent to the circle at P, since Q and Q' are 
indefinitely near to each other. The circle therefore becomes 
the circle of curvature at the point P. 

Hence if PR be drawn parallel to the tangent at P, or be 
equally inclined to the axis with PT, it will meet the parabola 
in the point where the circle of curvature at P intersects the 
parabola. 



PROBLEMS ON THE PARABOLA. 

1. The diameter of the circle described about the triangle 
BA is equal to 5 A 8. {Bee fig. Prop. III.) 

2. If from the point Q, GK he drawn at right angles to 
SP, then PK=2A8. {Bee fig. Prop. VII.) 

3. If the triangle 8PQ is equilateral, then BP is equal to 
the latus rectum. {See fig. Prop. VII.) 

4. PQ is a common tangent to a parabola and the circle 
described on the latus rectum as diameter; prove that SP 
and 8Q make equal angles with the latus rectum. 

5. Prove that PY . PZ = 8P\ and that P F . F^ = ^ S- . 
SP. {See fig. Prop. VII.) 

6. If PL be drawn at right angles to AP, meeting the 
axis in L, and PN be the ordinate of P, then NL = A AS. 

7. The tangent at any point P of a parabola meets the 
directrix and latus. rectum produced in points equally distant 
from the focus. 

8. Prove that iV"r= TF, and that TP-TY=TB. TN. 
{See fig. Prop. VII.) 

9. If a circle be described about the triangle SPN, the 
tangent to it from A=\ PN. {See fig. Prop. VII.) 

10. If the ordinate of a point P bisect the subnormal of 
P', the ordinate of P is equal to the normal of P'. 

11. If from any point on the tangent to a parabola a line 
be drawn touching the parabola, the angle between this line 
and the line to the focus from the same point is constant. 
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12. A circle and parabola have the same vertex and axis. 
BA' C is the double ordinate of the parabola which touches 
the circle at A', the extremity of the diameter through the 
vertex A. PP' is any other ordinate of the parabola parallel 
to this, meeting the axis in N, and AB produced in R\ 
prove that the rectangle BP . RF is proportional to the 
square of the tangent drawn from N to the circle. 

13. Draw a parabola to touch a given circle at a given 
point, and such that its axis may touch the same circle in 
another given point. 

14. If from the point of contact of a tangent to a parabola 
a chord be drawn, and another line be drawn parallel to the 
axis meeting the chord, tangent, and curve, this line will be 
divided by them in the same ratio as it divides the chord. 

15. If the diameter PV meet the directrix in 0, and the 
chord drawn through the focus parallel to the tangent at P in 
F, prove that VP=PO. 

16. Prove that the locus of the intersection of a diameter 
PV with tlie chord drawn through the focus parallel to the 
tangent at P is a parabola. 

17. If a circle and parabola have a common tangent at P, 
and intersect in Q and R ; and Q V, UR be drawn parallel 
to the axis of the parabola meeting the circle in V and U 
respectively, then VUis parallel to the tangent at P. 

18. AB and AG are two lines at right angles, to each 
other. From a fixed point G on A C, GR is drawn parallel 
to AB. On AR, produced if necessary, P is taken such that 
the perpendicular PiVupon AB is equal to GR. Prove that 
the curve traced out by P is a parabola. 

19. If from a point P of a circle PG be drawn to the 
centre; and R be the middle point of the chord PQ drawn 
parallel to a fixed diameter A GB, ithen the curve traced out 
by the intersection of GP and Alt ia a parabola. 

20. If two equal tangents OQ, Q, be cut by a third 
tangent, their alternate segments are equal. 
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21. E is the centre of the circle described ahout the triangle 
Q Q'. Prove that the circle described about the triangle 
QJEQ' will pass through the focus. (See Jig. Prop. XIII.) 

22. PSj) is any focal chord of a parabola. Prove that A P, 
Ap will meet the latus rectum in two points Q, q, whose 
distances from the focus are equal to the ordinates of p 
and P. 

23. PSp is a focal chord of a parabola, RBr the directrix 
meeting the axis in D ; and Q any point on the curve. Prove 
that if QP, Qp be produced to meet the directrix in B, r, half 
the latus rectum is a mean proportional between DB, Br. 

24. OP and Q are two tangents to a parabola. On QO 
produced, Q' is taken equal to Q; prove that 08 . PQ' = 
OP . OQ. 

26. If QB be drawn at right angles to the diameter PV, 
then QB' = 4AS.PV. 

26. If through any point on the axis of a parabola a 
chord PO Q he drawn, and PM, QN be the ordinates of the 
points P and Q, prove that AM . AN= AO^. 

27. li AP and ^ ^ be drawn at right angles to each other 
from the vertex of a parabola, and PM, QN he the ordinates 
of P and Q, prove that the latus rectum is a mean proportional 
between ^ if and AN. 

28. OAF is the sector of a circle whose centre is 0. If 
the radius OA remain fixed while the angle A OP changes 
the centre of the circle inscribed in the sector, A OP will trace 
out a parabola. 

29. QSQ' is a focal chord parallel to AP; FN, QM, 
QM' are the ordinates of P, Q, and Q". Prove that /SM' 
= AM.ANsind that MM' = AP. 

30. PQ, PQ are drawn from any point P cutting the 
ordinates QV, QV'inE and B, prove that VB is to F'P' 
in the triplicate ratio of Q V to Q' V. 
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31. On a chord of a parabola as diameter a circle is described 
cutting tbe parabola again in two points. If these points be 
joined, the portion of the axis between the two chords is equal 
to the latus rectum. 

32. li OQ, Q be a pair of tangents to a parabola, and 
the chord QQ' be a normal to the curve at Q, then OQ'is 
bisected by the directrix. 

33. Two equal parabolas having the same focus and their 
axes m contrary directions intersect at right angles. 

34. The radius of curvature at the extremity of the latus 
rectum is equal to twice the normal. 

35. If from any point P of a parabola PF and PH be 
drawn making equal angles with the normal PG^, then SG^ = 
8F.SK 

36. If a triangle be inscribed in a parabola, the points when 
the sides produced meet the tangents at the opposite angles 
are in the same straight line. 

37. If the tangents OQ, Q' he cut by a third tangent in 
B, R', prove that 

OB : RQ :: R'Q' : OB. 

38. If from the vertex of a parabola chords be drawn at 
right angles to one another, and on them a rectangle be 
described, the curve traced out by the further angle is a 
parabola. 

39. Prove that 2PFis a mean proportional between AP, 
and the chord of the circle of curvature at the point P of the 
parabola drawn through the vertex A. {See fig. Prop. VII.) 

40. If a circle described upon the chord of a parabola as 
diameter meet the directrix it also touches it, and all chords 
for which this is possible intersect in a point. 

41. If a parabola roll upon another equal parabola, the 
vertices originally coinciding, the focus traces out the 
directrix. 

42. The circle of curvature at the extremity of the latus 
rectum intersects the parabola on tlie diameter of curvature 
passing through the point of contact. 



CHAPTER II. 



THE ELLIPSE. 



22. Def. The Ellipse is the curve traced out by a point 
which moTes in such a manner that its distance from a given 
fixed point continually hears the same ratio, less than unity, 
to its distance from a given fixed line. [See Introduction}) 

Prop. I. 

The focus and directrix of an ellipse being given, to find 
any number of points on the curve. 

Let 8 be the focus, and MX the directrix. 

Draw 8X at right angles to the directrix, and divide SX 
in the point A, so that SA may be to ^X in the given fixed 
ratio less than unity ; then 

^ is a point on the curve. 

On XS produced take a point A', such that 

SA : AX :: SA : AX; 

then A' will also be a point on the carve. 

On the directrix take any point M; and through M and S 
draw the line MY ST meeting AY and A' Y', drawn at 
right angles to A A' in the points Fand Y'. 

On YY' as diameter describe a circle, and draw MPF 
parallel to A A', cutting the circle in the points F and F; 

P and P' will be points on the ellipse. 
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Join FY, FY', 8F; then since 

8Y : YM :: SA : JX, (Euclid, VI. 2) 
and;8F' : Y'M:: 8J' : 
.-. BY : YM :: SY' : 
or, alternately, 

SY : SY' :: YM : 
and the angle YF Y' in a semicircle is a right angle, 
.-. PF bisects the angle SFM* 
.-. SF : FM :: SY : YM, 
:: SA : AX. 



A'X, {Euclid, VI. 2) 
Y'M; 

Y'M, 



So we may show that 






SF' : F'M : 


: SY 


YM, 


\ 


: SA : 


AX. 



.'. Pand P' are points on the carve. 

* For, if not, make the angle TPs equal to YPM ; then 
sY : YM :: sP : PM. (Euclid, VI. 3.) 
And since, \i PY bisect sPM, P Y', being at right angles to P Y, also bisects 
the angle sPM', 

.-. sT : Y'M :: sP : PM. {Euclid, VI. A.) 
Hence J r : YM :: sY' : Y'M, 
ovsY : sY' :: YM : Y'M, 
.•. the points Sand « coincide. 
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In the same way, by taking other points on the directrix, 
we may obtain as many more points on the curve as we 
please. 

COE. 1. Since, corresponding to every point P on the curve, 
there is a point P' situated in precisely the same manner with 
respect to A'Y' as P is with respect to AY, it is clear that 
if we make A'S' equal to AS, and A'X' equal to AX, and 
draw X'M' at right angles to ^^', the curve could be equally 
well described with 8' as focus and M'X' as directrix. 

The ellipse is therefore symmetrical, not only with respect 
to the line A A', but also with respect to the line 00 drawn 
through the middle point of YY' at right angles to and 
bisecting A A'. 

CoE. 2. The line OP will bisect the angle 8P8'. 

Let OP meet 88' in G. Produce MP to meet X'M' in 
M'. and draw OM' passing through the focus 8' ; then 

8P : PM :: 8'P : PM', 

or, alternately, SP : 8'P :: PM : PM'. (1) 

Again, SG : PM :: 8'G : PM', 

or, alternately, 8G : S'G :: PM : PM', (2) 

.-. from (1) and (2) 

SP : 8'P :: SG : S'G, 

.-. PG bisects the angle 8P8'. (Euclid, VI. 3.) 

It will be shown hereafter {Prop. XI.) that the normal 
to the ellipse at the.poipt P also bisects the angle 8PS'. 
Hence the ellipse and circle have the same tangent at the 
point P. 

The ellipse will consequently touch all the infinite series 
of circles which can be described in the same manner as the 
one in the figure by taking diflferent points on the directrix. 
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Pkop. II. 

23. If G be the middle point oiAA'. then OA is a mean 
proportional between 08 and CX, 

or G8.GX= GA\ {See fig. Prop. III.) 



: AX; 

(1)* 
: AX; 

(2) 



.-. GA' = GX . G8 
or GA is a mean proportional between C^S and GX, 

COE. Since the three lines C8, CA, GX are proportional, 
therefore, by the definition of duplicate ratio and Euclid, 
VI. 20 Gor. 

CS : CX : GS' : OA'. (3) 



Prop. III. 

24. If P be any point on the ellipse, then 
SF + S'F = AA'. 

* N.B. The results '{1), (2), (3) should be remembered, as they will 
frequently be referred to. 



Since SA' : 


A'X : 


: 8 A : 


AX. 


Alternately SA' 


: 8 A : 


: A'X 


: AX, 


.-. SA' + SA 


: 8 A : 


: A'X + AX 


ox A A' 


: 8 A : 


: XX 


: AX, 


.-. AA' : 


XX' : 


: 8 A : 


AX, 


orOA 


: GX: 


: 8 A : 


AX. 


Again, 8 A' 


: /S^ : 


: A'X 


: AX, 


.-. 8A'-8A 


: 8 A : 


: A'X 


-AX 


or 88' 


: 8 A : 


: AA' 


: AX. 


Alternately SS' ; 


; AA' : 


: 8 A : 


; AX; 


or OS 


: C^ : 


: 8 A : 


AX. 


Hence from (1) and ( 


2) 






OA 


: OX :: 


: OS : 


GA, 
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Since 8F 


PM : 


: SA 


: AX, 


and 8 A 


AX : 


: AA' 


: XX', 


.-. SP : 


PM : 


: AA' 


: XX', 


BoS'P 


PM' : 


: AA' 


: XX', 



(Prop. II.) 



.-. 8P + 8'P : PM + PM :: A A' : XX'. 

But PM + PM' = MM' = XX', 

.-. 8P + 8'P = AA'. 

COE. 1. By means of this property the ellipse may be prac- 
tically described and the form of the curve determined. 

Let a string, equal in length to A A', have its ends fastened 
to two points 8 and /S'; and let it be kept stretched by 
means of the point of a pencil at P; then since 8P+ S'P 
will be always equal to A A', the point P will ti-ace out the 
ellipse. 

CoE. 2. The line A A' is the longest line that can be drawn 
in the ellipse.; 

For, if any other line P^ be drawn, then 

8P+8Q>PQ, 
&ndi 8' P+ 8' Q>PQ, 
.-. 8P + 8'P + 8Q + 8'Q>2PQ, 
or AA' > PQ, 

25. Def. If BCB be drawn at right angles to AC A', 
meeting the ellipse in B and B', it will be seen further on 
{Prop. XIII. Cor. 2) that BCB is the shortest chord that 
can be drawn through the centre of the ellipse. {See fig. 

Prop. IV.) 

D 
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A A is called the Major Axis and BB the Minor Axis of 
the ellipse. 

In most geometrical treatises the ellipse is defined as the 
curve traced out by a point which moves in such a manner 
that the sum of its distances from two fixed points is always 
the same ; but it appears that the properties of the curve are 
more clearly exhibited by defining it in a manner analogous 
to the parabola, and deducing immediately from that definition 
the property in question. 

Having now shown that one definition necessarily includes 
the other, we are at liberty in our future investigations to 
make use of whichever property is most convenient. 

Pbop, IV. 

26. If B G be the semi-minor axis of the ellipse, then 
BC^ = CA^ - GS^ ; 
and if SL be the semi-latus rectum, 

^L.AG=BG'. 




Join SB, 8'B; then 

since SB + 8'B=J A', {Prop. III.) 
and that SB = S'B, 
.: SB = AG. 
But BG' = SB' -CS\ 
.-. BG' = GA'-CS\ 
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Agaij}, BL '. SJ :: SA : AX, 

:: GS : CA, {Prop.ll.) 
.: SL.AC = C8.SX, 

^CS.CX^ CS\ {Eudid, II. 3,) 
^ CA' - C8\ (Prop. II.) 
= BC\ 

Peop. V. 

27. The sum of the distances of any point from the foci 
of an ellipse will be less or greater than A A' according as 
the point is inside or outside the ellipse, 




A' 



(1.) Let C he a point inside the ellipse. 
Join SQ, 8'Q ; and produce SQ to meet the ellipse in P; 
join S'P ; then 

since 5f'P+ QP>8'Q, 
.: S'P + SP>S'Q + SQ. 
But S'P + 8P = AA', (Prop. III.) 
.-. 8Q + SQ'<AA'. 
(2.) Let C he a point outside the ellipse, 
join ;Si Q, 8' Q, and let S Q meet the ellipse in the point P; 
join S'P; then 

8mce8'Q-\-QP>8'P, 
.-. 8'Q + 8Q>8P + 8'P, 
But 8P + 8'P = A A', {Prop. III.) 
.-. SQ-\-8'Q>AA'. 
d2 
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COE. ConTersely, a point will be inside or outside the 
ellipse, according as the sum of its distances from the foci is 
ess or greater than A A'. 

28. Dep. If a point P' be taken on the ellipse near to P, 
(see jig. Prop, VI.) and PP' be joined, the line PP' produced, 
in the limiting position which it assumes when P" is made to 
approach indefinitely near to P, is called the Tangent to the 
ellipse at the point P. 

Prop. VI. 

If the tangent to the ellipse at any point P intersect the 
directrix in the point Z, and if 8 be the focus corresponding 
to the directrix on which Z is situated, then SZ will be at 
right angles to 8P. 




Let P' be a point on the ellipse near to P. 

Draw the chord PP', and produce it to meet the directrix 
in Z; join 8Z. 

Draw PM, P'M' at right angles to the directrix, and ioin 
8P,8P'. ^ " . ' •' 
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Produce F8 to meet the ellipse in the point Q ; then since 
the triangles ZMP, ZM'P' are similar, 

.-.ZP : ZP :: MP : M'P', 
:: 8P : SP', 
.-. SZhisQctstheanghP'SQ. (Euclid, YI. Prop. A.) 
Now when P' is indefinitely near to P, and PP" becomes 
the tangent at the point P, the angle P8P' hecomes inde- 
finitely small, while the angle Q8P' approaches two right 
angles; and therefore the angle Z8P' being half of the 
angle P 8Q, becomes ultimately a right angle. 

Hence when PZ becomes the tangent at the point P, 
the angle Z8P is a right angle, 
or 8Z\& perpendicular to 8P, 

Cor. 1. Conversely, if 8Z be drawn at right angles to 8P, 
meeting the directrix in Z, and PZ be joined, PZ will be the 
tangent at P. 

COE. 2, If ZP be produced to meet the other directrix on 
the point Z' and 8' Z' be joined, thei; 

8'Z' is at right angles to 8' P. 

CoE. 3. The tangents at the extremities of the latus rectum 
or double ordinate through the focus meet the axis produced 
in the point X. 

Peop. VII. 

The tangent to the ellipse at any point P. makes equal 
angles with the focal distances ^SPand 8' P. 

Let the tangent at P meet the directrices in Z and Z'. 

Draw MPM' at right angles to the- directrices, meeting 
them in If and M respectively; join 8Z, 8'Z' ; then 
8P: PM :: S'P : PM ; 
and since the triangles MPZ, M' PZ', are similar, 
PM : PZ :: PM' : PZ, 
.: 8P : PZ:: S'P : PZ'. {Ex wquali) 
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Now in the triangles SPll, S'P^, because the sides about 
the angles 8P2f S'PZ' are proportional, and the angles P8Z, 
P8'Z' are equal, being right angles, and the atigles SZP, 
B'£'Paxe each less than a right angle^ 

.-. the triangles 8PZ and 8'PZ' are similar, {Euclid, VI. 7) 

.-. the angle 8PZ = the angle 8'PZ'. 

COE. If 8'P be produced to W; then 

the angle 8PZ = the angle WPZ. 



Pbop. VIII. 

The tangents at the extremities of a focal chord intersect 
in the directrix. 

Let P8Q be a fdcal chord, abd let the tangent at P meet 
the directrix in Z. 

Join 8Z; then 
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the angle Z8P is a right angle, [Fro^. VI.) 

and .-. also the angle Z8Q\s& right angle, 

.'. ZQ is the tangent at Q; (Prop. VI. Cor. 1) 

or the tangents at the extremities of a focal chord intersect in 
the directrix. 



Peop. IX. 

29. If the tangent at P meet the axis major produced in T, 
and PiV he the ordinate of the point P, then 

GT. CN= CA\ 



M 


t 


j/p 


1 [ • ' -^^^ • 




T X 


a\ S N O S JA' 


X- 



Xfraw MPM' parallel to the axis major meeting the direc- 
trices in M and M' ; and produce 8'P to W; then, since PT 
bisects the angle SPW, (Prop. VlL Cor.) 

.-. 8'T: 8T :: 8'P : 8P, (Euclid, YI. A.) 

PM' : PM, 

X'N: XN, 

8'T+ 8T : 8'T-8T :: X'N+XN : X'N-XN; 

or20T : 2 08 :: 2CX : 2CN, 

or CT: CS :: CX : CN, 

.-. CT. CN= C8. CX, 

= CA\ (Prop II.) 
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Peop. X. 

If on the major axis of an ellipse as diameter a circle 
be described and a common ordinate NPQ be drawn meeting 
the ellipse in P and the circle in Q, then the tangents to the 
ellipse and circle respectively at the points P and Q will meet 
the major axis produced in the same point. 




Let the tangent to the ellipse at P meet the major axis 
produced in T; join OQ, QT; then, by the last Proposition, 

GT. 0N= GA'= eg', 

.•. the angle GQTis a, right angle. 

And therefore QT is the tangent to the circle a,t Q; or the 
tangents at P and Q meet the major axis produced in the 
same point T, 

The circle described on A A' as diameter is called the 
Auxiliary Circle on account of the important aid that it 
aflfords in investigating the properties of the ellipse. 

30. Dep. The line P(?, drawn at right angles to the tangent 
PT, is called the Norntal to the ellipse at the point P. 



Pbop. XI. 

If the normal at P meet the major axis in the point G; 
then 

SG : 8P :: CS : GA, 
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Since PO is at right angles to TPt, 

.-. the angle QPT= the angle GPt. 

But the angle SPT = the angle ;S"^ t, (Prop. VII.) 

. •. the angle SPG = the angle S'PG, 

or PG bisects the angle 8P8', 
.-. SG : 8'G :: 8P : S'P, {Euclid, VI. 3.) 
.-. 8G : 8G + S'G :: SP: 8P+ 8'P; 



or 8G : 88' :: 8P 


AA'; 


ovSG -..SP :: 88': 


AA'; 


or8G : SP :: CS : 


GA. 


Cob. Hence also, 

S'G : S'P :: CS 


GA. 


Pkop. XII. 





31. If the normal atP meet the major axis in G, and PN 
be the ordinate at the point P, then {see fig. Prop. XI.) 
• NG : NG :: BG' : AG\ 

Draw MPM' parallel to the axis meeting the directrices in 
M and M' ; join SP, S'P; then, since PG bisects the angle 
SPS', {Prop. XI.) 



-. S'G : SG 

: S'G-SG : S'G + 8G 
ox2CG : 88' 



S'P : SP, 

PM' : PM, 

X'N : XN, 

X'N-XN : Z'A + XN; 

2GN:XX'.' 
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Alternately, 2 C(? : 2GN 
or CG : ON : 

.: CN-GO : CN 
or NQ : ON 



88' : XX'; 

C8 : CX, 

■08' : 0A\ {Prop. II. Cor.) 

OA' - CS' : CA" ; 

BG": AC". 



Peop. XIII. 

32. If FF be the ordinate of any point P on the ellipse 
then 

FM' : AN.A'N :: BC : AC\ 




Produce iVP to meet the auxiliary circle in the point Q, 
and draw the tangents FT, QT meeting the major axis pro- 
duced in the point T. (Prop. X.) 

Join C Q, and let the normal at P meet the ellipse in G ; 
then, Iby the last Proposition, 

NO : GN :: BC : AG\ 
And fectangleg of the same altitude are to another as their 

.-. TN . NG : TN . GN :: BC"": AG"; 
or PIP : QJP :: BG' : A G\ {Euclid, Vl. 8, Cor.) 

But QN" = AN . A'N, 
since the angle A QA' in a semicircle is a right angle, 
.-. FN" : AN . A'N :: BG" : AC\ 
COE. 1. Also FN : QN :: BG : AG. 

This result is the basis of many of the future Propositions 
of the ellipse. 
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Cob. 2. Since PA'^ : QN" :: BC^ : AC'\ 

.-. PN" : AC^ ~ cur :: BC : AG\ 

.-. PN^ : AC - CN" - PN' :: BC : AC - BG\ 

or PN' : AC - GP' :: BG' : AG' - BC. 

Now PN' is always less than BG', 

.-. CP" is greater than £C", 

.*. BO is the shortest line that can be drawn to the ellipse 
from the centre. 

PliOP. XIV. 

If the tangent at any point P of an ellipse meet the 
minor axis GB produced in t, and Pn be drawn at right 
angles to OB ; thea 

Ct Cn = BC 









rj 


\ 


^ 


?^ 


B \. 


A 






/r 


'\ 


\ 





.V 



A' 



Draw the common ordinate NPQ to the ellipse and the 
auxiliary circle; and let the tangents at P and Q to the 
ellipse and circle respectively meet the major axis produced 
in T (Prop. X.) and the minor axis produced in t and U. 

Join GQ meeting Pn in P; then since PR is parallel 

to ON, 

OR : OQ :: PN : QN, 

:: BO : AG. (Prop. XIII. Cor. 1.) 



44 COXIC SECTIONS. 

But CQ = AC, 

.-. CB = BG. (1) 

Again, joining Rt, 

Ct: CUr. PN: QN, 

:: OR : CQ, 

.'. Rt'is parallel to QU, 

r.^GRi is a right angle, 

.-. Ct Cn= CE' {Euclid, VI. 8, Cor) 

But CR = BC, (1) 

.-. Ct. Cn = BC\ 

This proposition also admits of a demonstration similar to 
that given for the corresponding property of the hyperbola. 

Peop. XV. 

33. If from the foci 8 and 8', 8Y, and 8'Y' are drawn at 
right angles to the tangent at P, then Y and Y' are on the 
circumference of tlie auxiliary circle, and 

8Y.8'Y' = BG\ 
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Join SP, S'P, and produce 8Y and S'P to meet in W; 
and join CY; then 

since the angle 8 PY= the angle WPY, {Prop. VII. Cor.) 
and the angle SYP= the angle WYP, 
and the side PF is common to the triangles SPY, WPY, 
.-. the triangle SPY = the triangle WPY in all respects, 

.-. SP=PW, 

.-. 8P+S'P=S'W. 
But SP+ S'P = AA', {Prop. III.) 
.-. 8'W = AA\ 

Again ■.• ^0 = /S'Cand/Sfr= YW, 

-•. ^fa : /S'C:: SY : YW, 

.-. oris parallel to )S'F, 

.-. CY : S'W '.: CS : SS', 

.-. CY=iS'W^ CA. 

So (77' = CA, 

.-. Y and Y' are points on the auxiliary circle. 

Next let YS te produced to meet the auxilliary circle in 
Z, and join -^F; then 

since the angle Z YY' is a right angle, 
.-. ZY' passes through the centre C, 
.-. the angle SCZ = the angle S'CT. 
.: SZ = S'Y', 
.-. SY.S'Y' = SY.SZ, 

= A8. A' 8, {Euclid, III. 35) 
= CA' - C8\ {Euclid, II. 5) 
= BG\ (Prop. IV.) 

COE. If CD be drawn parallel to the tangent at P, meeting 
^rP in ,2/; then 
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since the figure G YPJE is ia parallelogram, 



pbop. xyi. 

34, To draw a pair of tang.ents to an ellipse frpm an ex- 
ternal point 0, 




With centre S' and radius equal to AA' describe a circle. 

Join 08, 08'', and let 80 or 8'0 produced meet the 
circle in the point I. 

Now, if be a point outside the circle MIM', it is evident 
that 08 is greater than 01; and if be inside the circle, 
since 08 + 08' > AA' or 8'I, {Prop. V.) 
.-. 0^> 01. 

With centre and radius 08 describe another circle 
cutting the former in the points M and M! , which it will 
always do since 08 is greater than 01. 
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Join S'M, S'M', meeting the ellipse in the points P and P'. 
Join OP, OP' ; these will be the tangents required. 
Join 8P, SF ; thai, since 

8P+ 8'P--AA' = S'M, 
.-. 8P=PM. 
And ■.■ 8P,P0= MP, PO each to each, 
and OS = OM, 
.-.the angle OPS = the angle 0PM, 
.-. OP ia the tangent at P. {Pxop. Yll. Cor.) 
So OP' is the tftngent at P'. 

Prop. ZVII. 

If irom a point a pair of tangents OP, OP' be drawn 
to an ellipse, then OP and OP' will subtend equal angles at 
either focus. 

Join 8P, 8'P; 8P',. S'F ; and produce S'P, 8'P' to M 
and M', making Pilf equal to 8P, and PM' equal to 8P. 

Join OM, OM'; OS, OS'. 

Then since OP, P8 = OP, PM, each to each, 

and the angle OPS = the angle OPM, {Prop. VII. Cor) 

.-. 08= OM, 

and the angle OSP = the angle OMP. 

So 08= OM', 

and the angle OSP' = the angle OM'P', 

.-. 0M= OM'. 

Again, •.- 8'M= 8'P+ SP=AA', 

and S'M' = 8'P' + 8P' = AA', 

.•.-8'M= S'M', 

And •.• OS', S'M = OS', S'M', each to each, 

and 0M= OM, 

.-. the angle 0>S'Jf= the angle 0.8'M', 

and the angle 0M8' = the angle OM'S'. 
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But the angle 0M8' = the angle 08F, 
and the angle OM'S' = the angle OSP', 
.: the angle OSP = the angle 08P', 
.'. OP and OP' subtend equal angles at either focus, 

Peop. XVIII. 

35. If from an external point a pair of tangents OQ, 
OQ be drawn to an ellipse, and GO be joined meeting the 
chord QQ' in F, and the ellipse in P; then 

(1.) QQ wiU be bisected in V. 

(2.) The tangent at Pwill be parallel to QQ. 

(3.) OP will be a mean proportional between OF and GO. 




Produce OQ, OQ' to meet the major axis produced in T 
and T. ^ 

Draw the ordinates NQ, N'Q, and produce them to meet 
the circle in q and j'. 
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Then Tq and T'q' will be tangents to the auxiliary circle. 
{Prop. X.) 

Let Tc[ and T'^ he produced to meet in o ; join Go meeting 
the chord qq' 'va.v, and the circle in^. 

Now, since the corresponding ordinates of the ellipse and 
auxiliary circle are in the constant ratio of BG to AC, the 
three lines ol, pm, vn drawn at right angles to AA' will pass 
through the points 0, P, V respectively. 

For, according as is the point where ol meets TQ or 
r'(9' we shall have 

10 : lo :: NQ : Nq, 
:: BO : AG; 
ox 10 : lo :: N'Q' : N'q, 
:: BG : AG, 
.'. Oo is perpendicular to A A'. 
So Pp and Vv are perpendicular to A A', 
.". Oo, Pp, Vv are parallel. 

Hence (1.) QV : VQ :: qv : vq'. 

But qv = vc[ from the circle, 
.-. QV=VQ; 
or QQ' is hisected in V. 

(2.) Since NQ : Nq :: N'Q' : N'q'- 

it is evident that QQ' and qq will meet the axis produced in 
the same point. 

Also the tangents to the ellipse and circle at P and p 
respectively will meet the axis in the same point. 

Now in the circle the tangent at p is manifestly parallel to 

&nd.NQ : Nq :: mP : mp, 
.-. the tangent at P is parallel to QQ. 

(3.) If Gq he joined, since the angle Gqo is a right angle 
and Go is perpendicular to q^, 

.: Gv : Oq :: Oq : Go, {Euclid, VI. 8 Gor.) 

or, since Gq = Gp, 

Gv : Gp " Gp : Go, 
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But Cv : Op :: OV : GP, 

and Gp : Go :: CP : GO, 

.-. OV : GP :: GP : GO, 

.-. OO.Gr=GP'. 

Cor. From this it is manifest that if any number of chords 
be drawn parallel to each other in an ellipse, their middle 
points will all lie on the line drawn from the centre to the 
point where the tangent parallel to the chord meets the 
ellipse. 

Def. The line PGP' drawn through the centre of an 
ellipse and meeting the curve in P and P, is called a Diameter. 

The diameter consequently bisects all chords parallel to 
the tangents at its extremities ; and the tangents at the 
extremities of any chord will intersect the diameter corre- 
sponding to that chord in the same point. 

36. Def. If GD be drawn parallel to the tangent at P, 
■then GD is said to be conjugate to GP. 



Peop. XIX. 

In the ellipse if GD be conjugate to GP, then will GP be 
conjugate to GD. 




Draw the ordinates PN, DB, and produce them to meet 
the auxiliary circle in the points p, d. 

Join GP, Gp ; GD, Gd ; and draw the tangents TP, Tp ; 
T'D, T'd. ■ 

Now, since GD is parallel to PT, 
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.-. the triangle PNT is similar to the triangle DRG. 
.-. TN : GB :: FN : DB, 

:: Np : Bd, {Prop. XIH. Cor.) 
.'. Tpis parallel to Cd, 
. •- the angle pCdis a right angle, 
.'. Cp is parallel to Td, 
.'. the triangle p (7^ is similar to the triangle dT'B, 
.-. NC : BT :: Np : Bd, 
:: NP : BD, 
.-. (7P is parallel to Dr; 
.■. CP is conjugate to CD. 

OOE. Since GRd and Clip- are each similar to dBT', 
Euclid, VI. 8) 

.•. the triangle CRd is similar to the triangle GNp, 

and the side Cd = the side Cp, 

.". the triangle CRd = the triangle GNp in all res.p.ects, 

.-. GN = Bd, and GB r= Np. 

Rence JDB : GN :: DB : Bd, 

:: BG : AC; 

a^so PN : GB :: PN : Np, 

:: BG : AG. 



Pnor. XX. 

37. If CP and CD he conjugate semi-diameters, and PN, 
DRhe the ordinates of the points P and D ; then 

(I.). GN' + GB' = AG\ 

(2.) PN''+DB-' = BC'. 

(3.) CP? + CD' ==AC^ + BG\ 
e2 
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BG 


: AG, 


BG' 


: AG' 


BG' 


: AG' 



Produce NP, RD to meet the auxiliary circle in the points 
p, d; then 

GN=Bd, (Prop. XIX. Cor.) 

.-. GN' + GR' = Rd' + GR\ 

= Gd\ 

= GA\ 

Again, PiV : JVp 

So BR" : Rd' 
.'. PN' + BR' : Nf + Rd' :: BG' : AG"; 
but NP' + Rd' = GR' + GN', 

= AG', 
.-. PN' + BR' = BG', 
and GN'+GR' = AG', 
.-. GP' + GB' =AG' + BG'. 

38. Def. a line Q V drawn parallel to the tangent at P, 
and meeting GP in V, is called an Ordinate to the diameter 
CP. 



Peop. XXI. 



If QF be any ordinate to the diameter PGP', and CB be 
conjugate to GP; then 

QV : PV.P'V :: GB' : GP'. 



CONIC SECTIONS- 
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Draw the tangent UQ W meeting CP and OD produced 
in ZJand W; and draw QB parallel to CF, meeting UD in B. 



Now, since CR : CD 
.•i CM' : CJD' 
orQV : CD' 



CD : CW, (iVop. XVIII.) 
CB : CW, {Euclid, VI. 20 Cor.) 
ur : CU. 




Again, 
, since CU -.CF:: CF : CV, {Prop. XVIII.) 

.-. CU:CV :: CP" : CV, {Euclid, VI. 20 Cor.) 
.-. CU-CV : CU :: GP^-CV : CF', 

oyUV : CU :: PV . F'V : CF'. ' 
RenceQV : CD' :: PV.F'V :CF'. 
or QV' : PV .FY :: CD'' : CP\ 



Peop. XXII. 

39. The area of any parallelogram formed by drawing 
tangents to an ellipse at the extremities of a pair of conjugate 
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diameters is equal to the rectangle contained by the axes of 
the ellipse. 

Let PGP', DGD' be a pair of conjugate diameters, and 
let a parallelogram be formed by drawing tangents at the 
points P, P', D, D'. 




Let the tangent at P meet GA produced in T; join D' T. 

Draw the ordinates PN, DR, I/E ; then since PT is 
parallel to GD', the parallelogram PD' is double the triangle 
GTB', and therefore equal to the rectangle contained hj CT 
and lyS'. 

Now jyp,' : CN :: BG : AG, {Prop. XIX. Gor) 
.-. CT. HE : GT. GN :: BG : AG, {Ewlid, VL 1.) 
: : BG.AC: AG\ {Euclid, VI. 1.) 
But GT.CN=AG\ 
.-. GT.UE = AG.BG, 
.-. the parallelogram LL' = 4: the parallelogram Pi/, 

= 4:AG.BG, 
= AA!.BB. 



CONIC SECTIONS. 
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Cor. If FF be drawn at rigiit angles to BGI/ meeting 
GD' in F; then ^ & 5 

PF . GD = area of parallelogram PV, 
= AG.BG. 



Prop. XXIII. 

40. If OP and GD be conjugate diameters, and PF be 
drawn at right angles to CD meeting GA in G, then 

PF.PG = BG\ 




Draw the ordinate PN, and produce it to meet GD in Z". 

Also draw Pn at right angles to CB, and let the tangent 
at P meet GB produced in t. 

Now since the angles at N and F are right angles, it is 
evident that a circle may be described about the quadrilateral 
figure NKFG ; 

. . PG.PF=PN. PK, {Euclid, III. 36 Cor) 

= Ct . Gn, 

= BC\ (Prop. XIV.) 
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Peop. XXIV. 



41. If P be any point on the ellipse, and CD be conjugate 
to CP, then 

8P. 8'P= OW. 




Draw the normal PQ and produce it to meet GV in F; 
then since CD' is parallel to the tangent at P, 

.'. PF is at right angles to CD, 

.: PF.CD = AC . BC, (Prop. XXII. Cor.) 

and PF.PG = BC = BC . BC, {Prop. XXIII.) 

.-. CD : PG :: AC : BC. (1) 

Again, 8P : SG :: CA : C8, {Prop. XI.) 

8'P : S'G :: CA : C8 {Prop. XI.) 

Compounding 8P - S'P : 8G . S'G :: CA' : G8\ 

. . 8P. 8'P : 8P. S'P- 80 . S'G :: CA' : CA" - C8\ 

But SP.S'P- SG. S'G = PG', {Euclid, VI. Prop. B) 

.-. SP. S'P: PG' :: CA' : BC. 

But from (1) CD' : PG' :: CA' : BC, 

.-. SP. 8'P= CD'. 

This proposition may also be very easily deduced from 
Prop. XV. 



CONIC SECTIONS. 
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Prop. XXV. 

42. The area of the ellipse is to the area of the auxiliary 
circle as ^Cto ^C. 




Let PJSf and F'N' be two ordinates of the ellipse near 
together. 

Produce NP, N'P', to meet the auxiliary circle in Q 
and Q'. 

Draw Pm, Qn, perpendicular to QN'. 

Then 



the parallelogram PN' 



the parallelogram ^iV' :: PlfT: QN, 
■.■.BG:AG. 



And the same will be true for all the parallelograms that 
can be similarly described in the ellipse and auxiliary circle. 

Hence the sum of all the parallelograms inscribed in the 
ellipse is to the sum of all the parallelograms inscribed in the 
circle as PC to A 0. 

And this holds however the number of parallelograms be 
increased. 

But when the number of parallelograms is increased, and 
the breadth of each diminished indefinitely, the sum of the 
parallelograms inscribed in the ellipse will be equal to the 
area of the ellipse, and the sum of those inscribed in the 
circle to the area of the circle. Hence 

the area of the ellipse : the area of the circle :: EC : AG. 
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43. Def. If with a point on the normal at P as centre, 
and OP as radius, a circle be described touching the ellipse 
at P, and cutting it in Q; then, when the point Q is made to 
approach indefinitely near to P, the circle is called the Circle 
of Curvature at the point P. 

Prop. XXVI. 

If PH be the chord of the circle of curvature at the point 
P of an ellipse, which passes through the centre ; then 

Let PT be the tangent, and PQ the normal at the 
point P. 




With centre 0, and radius OP, describe a circle cutting the 
ellipse in the point Q. 

Draw RQW parallel to OP, meeting the circle in W, and 
TP produced in B. 
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Also draw QV parallel to FB, meeting the diameter PP' 
in V; then since EF touches the circle at P, 

.-. RQ.BW = PR\ {Euclid, III. 36) , 

oxPV.RW= QV\ 

But QV : PV . P'V :: GU : CF", {Prop. XXI.) 

.-. FV .RW : PV.P'V :: Clf : CP\ 

ori?F : P'V :: CB" : CP\ 

Now, when the circle becomes the circle of curvature at P, 
the points R and Q move up to, and coincide with P, and the 
lines RW and FH become equal, while 

F'V becomes equal to FF, or 2CP. 

Hence, FH : 2CF :: CD' : OF', 

.-. FH . CP : 2GP' :: 2GIf : 2GF', 

.: FH. OF = 2Gir. 

Pkop. XXVII. 

If FU he the diameter of the oircle of curvature at the 
point F of the ellipse, and FF be drawn at right angles to 
CD; then 

FU.PF=2GJ>'. 
Since the triangle PHU is similar to the triangle PFG, 
.-. FU: FH :: GF : FF, 
.-. FU.FF=PH. GF, 

= 2GD\ (Pro^. XXVI.) 

Prop. XXVIII. 

If FI be the chord of the circle of curvature through the 
focus of the ellipse ; then 

PI .AG^^^GH". 
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Let PJ meet C I) in JE; then, since the triangles PIU and 
PEFare similar, 

.-. FI : PC :: PF : PE. 
But PE=AC, {Prop. XV. Cor.) 

.-. PI : PTJ :: PF : AC, 
.-. PI.AC = PU.FF, 

= 2CD\ (Prop.HX^fll.) 



Peop. XXIX. 

44. If two chords of an ellipse intersect one another, the 
rectangles contained by their segments are proportional to 
the squares of the diameters parallel to them. 

Let POP' be any chord drawn through the point 0, and 
let CD be the semi-diameter parallel to it. 

Draw the ordinates NP, N'F, MB, and produce them to 
meet the auxiliary circle in Q, Q, B' ; then 

since NP : NQ :: N'P' : N'Q, {Prop. XIIL Cor.) 

it is evident that PF and QQ' will meet the axis produced 
in the same point T. 




O N 



M A 



Also since NP : NQ :: MB : MB'. {Prop. XIIL Cor.) 
and rPP' is parallel to CB, 
.-. r (3 (3' is parallel to GB'. 
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Draw EO parallel to JV^ or N'Q', and produce it to meet 
QQ' in 0' ; then 



PO 

aniP'O 

JPO.FO 



Qff 
Q'O' 
QO' 



: TO 
: TO 
Q'O' 



TO', 
TO', 
TO" 
CD' 
CD' : 



TO", 

AC. 
AG\ 



. Alternately, PO . P'O : OB' :: QO' . Q'O' 

Again, if through the point any other chord pOp' be 
drawn, 

since ^0 : BO' :: PC : AC, , 

it is manifest that the corresponding chord qq'in the auxiliary 
circle will pass through the point 0' ; and if Gd be the semi- 
diameter parallel to pp' we shall have as before, 

pO.p'O : Cd' :: qO' .q'a : AC. 

ButQO' .Q'a = qO' . q'O', {Euclid, III. 35) 

.-. PO . FO : GU' :: pO .p'O : Gd\ 

oyPO.PO : pO .p'O:: GB : Gd\ 

The same result may. be shown to be true when the point 
is without the ellipse. 



Prop. XXX. 

If QVQ' be any ordinate to the diameter GP, the circle 
described through the three points P, Q, Q' will intersect the 
ellipse in a fourth point, which depends only upon the position 
of P. 

Draw the ordinate PN, and produce it to meet the ellipse 
in P' ; th*|^since, if NT be the subtangent of either P 
or P', 

OT.GN=AG\ {Prop. IX.) 

therefore the tangents at P and P' will meet the major axis 
produced in the same point T. 



62 



CONIC SECTIONS. 




Draw PR parallel to TP, meeting the ellipse in E, and 
QQ' in ; then if CD and GU be drawn parallel Re- 
spectively to TP and TP', meeting the ellipse in Z) and D', 

PO.OB : QO. Oq :: C2)'^ : GD\ (Prop. XXIX.) 

But CU = CD, since CP' = GP, 

.-. PO.OB=QO. OQ'. 

Hence, by the converse of Euclid III. Prop. 22, the point 
R is on the circle which passes through P, Q, Q'. 

CoE. When the point V is brought indefinitely near to P, 
QQ' coincides with the tangent to the ellipse at P, and 
becomes also a tangent to the circle at P since Q and <Q' are 
indefinitely near to each other. The circle therefore becomes 
the circle of curvature at the point P. 

Hence, if PP be drawn parallel to the tangent at P', or be 
equally inclined to the axis with PT, it will meet the ellipse 
in the point where the circle of curvature at P intersects the 
ellipse. 



PROBLEMS ON THE ELLIPSE. 



1. In what position of P is the angle 8P8' greatest ? 

2. The latus rectum is a third proportional to the axis 
major and axis minor. 

3. Construct on the axis minor as base, a rectangle which 
shall he to the triangle SL8' in the duplicate ratio of the 
major axis to' the minor axis, L being the extremity of the 
latus rectum. 

4. If a series of ellipses he described having the same 
major axis ; the tangents at the extremities of their latera 
recta will all meet the minor axis in the same point. 

5. Find the locus of the centres of all the ellipses having 
the same focus, and their major axes of the same length, and 
touching a given straight line. 

6. Given the foci, it is required to describe an ellipse 
touching a given straight line. 

7. If PT be a tangent to an ellipse, meeting the axis in T, 
and AP, A'P, be produced to meet the perpendicular to the 
major axis through T in Q and Q, then QT = QT. 

8. If the angle SB 8' be a right angle, prove that 
CA' = 2GB\ 

9. If GP be a semi-diameter, and AQO h^ drawn parallel 
to GP meeting the curve in Q, and CB produced in 0, then 
GP^= AO.AQ. 

10. If AB, C-D,. which are not parallel, make equal angles 
with either axis, the lines AG, BD, as also AD, BG, will 
make equal angles with either axis. 
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11. PSp is any focal chord. PA and pA are produced to 
meet the directrix in Q and q. Prove that the angle Q8q is 
a right angle. 

12. If a circle he described touching the axis major in one 
focus, and passing through one extremity of the axis minor ; 
A G will be a mean proportional between the diameter of this 
circle and B G. 

13. If PQQP' be a chord of the auxiliary circle, and a 
circle be described on the minor axis as diameter, cutting the 
chord in Q and Q, then PQ. PQ = G8\ 

14. If P(? be the normal at P, and GL be drawn at right 
angles to HP, then PL = \ latus rectum. 

15. The sum of the squares of the normals at the ex- 
tremities of conjugate diameters is constant. 

16. If on the normal aX P, PQ be taken equal to the semi- 
conjugate diameter . GD, the locus of Q is a circle whose 
radius is AG — BG. 

17. Find the locus of the intersection of a pair of tangents 
at right angles to each other. 

18. P is any point on an ellipse. To any point Q on 
the curve draw AQ, A'Q, meeting NP in R and S, and 
prove that NB . NS = NP\ 

19. If PG^ be a normal, and OL perpendicular to SP, the 
ratio of GL to PN is constant. 

20. If NP produced meet the tangent at the extremity of 
the latus rectum in Q, then QN = PS. 

21. In an ellipse the tangent at any point makes a greater 
angle with the focal distance than with the perpendicular on 
the directrix. 

22. A diameter of an ellipse, parallel to the tangent at any 
point, meets the focal distances of the point, and from the 
points of intersection lines are drawn perpendicular to the focal 
distances. Prove that these lines intersect in the axis minor. 

23. The subnormal is a third proportional to CT and B C. 
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24. If PJV be the ordinate of P, prove that NY : NY' :: 
FY : FT. (See fig. Prop. XV.) 

25. If from G lines be drawn parallel and perpendicular to 
the tangent at P, they inclose a part of one of the focal 
distances of that point equal to the other. 

26. If P be a fixed point on an ellipse, and QQ' an 
ordinate to OF, the circle QFQ will meet the ellipse in 
a fixed point. 

27. F is any point on an ellipse. Draw FP' parallel to the 
axis major, and through P' draw F Q, P' Q', making equal 
angles with the major axis. Join QQ; ; then ^^ is parallel 
to the tangent at P. 

28. What parallelogram circumscribing an ellipse has the 
least area ? 

29. When is the square of the sum of conjugate diameters 
least ? 

30. Given the axes of an ellipse, and the position of one 
focus, and of one point in the curve, give a geometrical cpn- 
struction for finding the centre. 

31. If lines drawn through any point of an ellipse to the 
extremities of any diameter meet the conjugate GB in M 
and N, then CM.GN= GD\ 

32. If GP and GD be conjugate, prove that 

[SF-AGf + (SD - AGy = 8G\ 

33. If GP and GB be conjugate, and BF, BB be joined, 
as also AB, A'F, these latter meeting in 0, then BBOP is a 
parallelogram. When is the area greatest ? 

34. If PSp, QGq be two parallel chords through the focus 
and centre of an ellipse, prove that 

8F. 8^ : GQ.Gq :: BG' : AG\ 

35. If the tangent at the vertex A cut any two conjugate 
diameters in T and t, then AT . At = BG\ 

36. If the tangents at three points P, Q, B, intersect in 
R^, Q,, P, prove that 

PB, . F,Q . QR = PQ, . R,Q . F,R. 
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37. If a circle te described touching 8P, 8'P produced, 
and the major axis of the ellipse, find the locus of the centre. 

38. If from the extremities of the axes of an ellipse any 
four parallel lines he drawn, the points in which they cut the 
curve are the extremities of conjugate diameters. 

39. If two equal and similar ellipses have a common 
centre, the points of intersection are at the extremities of 
diameters at right angles to one another. 

40. If P8Q he a focal chord, and X the foot of the 
directrix, XP and XQ are equally inclined to the axis. 

Al. OP, OQ are tangents to an ellipse, and PQ is produced 
to meet the directrices in B, R', prove that 

RP. R'P : RQ : R'Q :: OP^ : OQ'. 

42. NPQ is a common ordinate to the ellipse and auxiliary 
circle. PR, QR are normals at P and Q intersecting in R. 
The locus of ^ is a circle whose radius is AC + BG. 

43. If the conjugate to CP meet SP, S'P, or these pro- 
duced in B, E' ; then SB = 8' B', and the circles circum- 
scribing 8GE, 8'CB'- are equal. 

44. The locus of the middle points of all focal chords in 
an ellipse is a similar ellipse. 

45. The circle described about the triangle 8B8' will cut 
the minor axis in the centre of the circle of curvature at B. 

46. The locus of the centre of the circle inscribed in the 
triangle 8P8' is an ellipse, 

47. If a circle be described intersecting an ellipse in four 
points, arid chords be drawn through the points of intersection, 
diameters parallel to the chords will be equal. 

48. An ellipse slides between two lines at right angles to 
each other, find the' locus of its centre. 

49. If from the focus 8 perpendiculars be drawn upon the 
conjugate diameters GP, CD, these perpendiculars produced 
backward will intersect CB and CP in the directrix. 

50. Find the point at which the diameter of curvature is a 
mean proportional between the major and minor axes. 
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_ 51. The circle of curvature at a point, where the conjugate 
diameters are equal, meets the ellipse, again at the extremity 
of the diameter. 

52. The locus of the intersection" of lines drawn from A, Al 
at right angles to AP, A^F\s, an ellipse. 

53. If a quadrilateral figure he inscribable in two ellipses 
whose major axes are parallel or perpendicular, any two of 
its opposite angles will be equal to two right anglep. 

54. If GN, NP are the abscissa and ordinate of a point 
Pon a circle whose centre is C, and iV^ be taken equal to 
NP, and be inclined to it at a constant angle, the locus of Q 
is an ellipse. 

55. If two ellipses having the same major axes can be 
inscribed in a parallelogram, the foci will be on the corners of 
an equiangular parallelogram. 

56. Two ellipses, whose major axes are equal, have a com- 
mon focus. Prove that they intersect in two points only. 

57. A circle described about the triangle /8'P/8" cuts the 
minor axes in R on the opposite side to P. Prove that SR 
varies as the normal PG. 

58. If r and R be the radii of the circles inscribed in and 
about the triangle 8P8, prove that R . r varies as SP . S'P. 

59. The circle described upon PO as diameter cuts 8P, 
S'P in K and L, Prove that KL is bisected by P G, and is 
perpendicular to it. 

60. If from 8' a line be drawn parallel to 8P, it will meet 
8 Tin the circumference of a circle. 

61. T and t are the points where the tangent at P meets 
the axes. CP is produced to meet in L the circle described 
about the triangle TCt ; prove that PL is half the chord of 
the circle of curvature at P in the direction of C, and that 
CP . OL is constant. 

62. About the triangle PQR an ellipse is described, having 
its centre at the point where the lines drawn from P, Q, R to 
the middle points of the opposite sides meet. CP, CQ, CR 
are produced to meet the ellipse in P', Q, R\ Prove, that 

F 2 
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the tangents at P', Q , R' form a triangle similar to P QR, 
and four times as large. 

63. Lines from T and Y' perpendicular to the major axis 
cut the circles on 8P, S'P as diameters in / and J. Prove 
that IS and J 8' when produced, intersect BC in the same 
point. 

64. If from the ends of any diameter chords he drawn to 
any point in the ellipse, the diameters parallel to these chords 
will he conjugate. 

65. If T be the angle between tangents at the extremities 
of a focal chord, and the angle subtended by the chord at 
the other focus, then 

2T+ = 2 right angles. 

66. The acute angles which 8P, 8 Q make with the tangents 
are complementary. Prove that BC is a mean proportional 
between the areas of the triangles 8PS', 8Q8'. Also, show 
that the problem is impossible unless BG < CS. 

67. A series of ellipses have their equal conjugate diameters 
of the same magnitude. One of these diameters is fixed and 
common, while the other varies. The tangents drawn from 
any .point in the fixed diameter produced will touch the 
ellipses in points situated on a circle. 

68. If on the longer side of a rectangle as major axis an 
ellipse be described, passing through the intersection of the 
diagonals, and lines be drawn from any point of the ellipse 
exterior to the rectangle to th« ends of the remote side, they 
will divide the major axis into segments, which are in geo- 
metric progression. 

69. From any point P of an ellipse P^ is drawn at right 
angles to >SiP meeting the diameter conjugate to CP in Q. 
Prove that PQ varies inversely as the perpendicular from P 
on the major axis. 

70. In an ellipse 8Q and 8'Q, drawn at right angles to 
a pair of conjugate diameters, intersect in Q. Prove that the 
locus of § is a concentric ellipse. 



CHAPTER III. 

THE HYPERBOLA. 

45. Def. The Hyperbola is the curve traced out by a 
point which moves in such a manner that its distance from 
a given fixed point continually bears the same ratio, greater 
than unity, to its distance from a given fixed line. {See Intro- 
duction.) 

Prop. I. 

The focus and directrix of a hyperbola being given, to 
find any number of points on the curve. 

Let S be the focus, and MX the directrix. 

Draw 8X at right angles to the directrix, and divide 8X 
in the point A, so that 8 A may be to J. X in the given fixed 
ratio, greater than unity ; then 

A IS a, point on the curve. 

On 8X produced take a point A', such that 

8A' : A'X :: 8A : AX; 

then A' will also be a point on the curve. 

On the directrix take any point M; and through 8 and M 
draw the line 8YMY', meeting AY and^'F, drawn at 
right angles to A A', in the points Y and Y' ; 

On YY' as diameter describe a circle, and draw PMP 
parallel to A A', cutting the circle in the points P and P'; 

P and P will be points on the hyperbola. 
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AX, {Euclid, VI. 2) 
A'X, {Euclid, YI. 2) 
Y'M; 
Y'M, 



Join PY, FT, SP; then since 
8Y : YM t: 8A 
ahiST : Y'M:: SA' 
.-. BY : YM:: ST 
or, alternatelj, SY : 8Y' :: YM 
and the angle YPY' in a semicircle is a right angle, 
.-. PFKsects the angle 8PM,* 
.-. SP : PM :: 8Y : YM, 
:: 8A : AX. 

So we may show that 

8^ : P'M :: 8Y' : Y'M, 



* For, if not, make the angle TPm equal to TPS; then 
ST : Tm :: SP : Pm. [Euclid, VI. 3.) 

and since, if PT bisect SPm, PT being at right angles to PY, also bisects 
the angle between MP and SP produced; 

. ■. SY' : Tm :: SP : Pm, [Euclid, VI. A.) 
Hence ST : Tm :: ST : Tm, 
01 ST ; ST :: Tm : Tm, 
, • - the points M and m coincide. 
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:: 8A : AX, 
.'. Pand P' are points on tlie curve. 

In the same way, by taking other points on the directrix, 
we may obtain as many more points on the curve as we 
please. 

COE. 1. Since, corresponding to every point P on the 
curvCj there is a point P' situated in precisely the same 
manner with respect to A' Y' as P is with respect to A Y, it 
is clear that if we make A' 8' equal to A 8, and A'X' equal to 
AX, and draw X'M' at right angles to AX', the curve 
could be equally well described with S' as focus and M'X' 
as directrix. 

The hyperbola is therefore symmetrical, not only with 
respect to the line AA', but also with respect to the line 00 
drawn through the middle point of YY' at right angles to 
and bisecting AA'. 

CoE. 2. The line OP produced will bisect the angle 8PW 
between /SPand fi"P produced. 

Produce OP and 8' 8 to meet in G. Produce PM to meet 
X'M' in Jf , and draw 8' passing through the point M' ; 
then 

8F : PM :: 8'P : PM', 

or, alternately, 8P : 8'P :: PM : PM'. (1) 

Again, 8G : PM :: S'G : PM', 

or, alternately, 8G : 8'G :: PM : PM', (2) 

.-. from (1) and (2) 

8P : S'P:: 8G : S'G, 

.-. PG bisects the angle 8PW. (Euclid, VI. A.) 

It will be shown hereafter [Prop. IX.) that the normal to 
the hyperbola at the point P also bisects -the angle 8PW. 
Hence the hyperbola and circle have the same tangent at the 
point P. The hyperbola will consequently touch all the 
infinite series of circles which can be described in the same 
manner as the one in the figure, by taking difierent points on 
the directrix. 
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Peop. II. 

46. If be the middle point of A A', then GA is a mean 
proportional between GS and OX, 

or GS. GX= GA\ {See fig. Prop. III.) 



Since 8 A' : A' X 


:: 8A : AX. 




Alternately, 8 A' : 8 A 


:: A'X : AX, 




.: 8A' -SA : SA 


:: A'X-AX : 


AX, 


or AA' : SA 


: XX' : AX, 




.-. AA' : XX' 


: SA : AX, 




or CA : OX 


: SA : AX. 


(•I-)* 


Again, 8A' : SA 


: A'X : AX. 




.: 8A' + 8A : 8A 


: A'X +AX 


: ^X, 


or 88' : 8 A : 


: AA' : AX. 




Alternatelj, 88' : AA! : 


: /SJl : AX, 




or G8 : GA : 


: /g-i : ^X 


(2.) 


Hence from (1) and (2), 






GA : GX : 


: GS : C^, 




.-. GA' = 


ex. 08 




Or GA is a mean proportional between G8 and GX. 



CoE. Since the three lines OS, GA, GX, are proportional, 
therefore, by the definition of duplicate ratio and Euclid, VI. 
20 Oor., 

GS : GX :: OS' : GA\ (3.) 



Peop. III. 

47. If Pbe any point on the hyperbola, and )Sf be the focus 
nearer to P; then 

s'p - sp = aa: 

Since ^fP: PM :: SA : AX, 

* N.B. The results (1), (2), (3), should be remembered, as they will 
frequently be referred to. 
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and 8A : AX:: AA' : XX', {Prop. II.) 
.-. 8P : PM :: AA! : XX'. 
So 8'P:PM' :: AA' : XX', 
■. S'P- 8P : PM' -PM :: A A' : XX'. 
But PM' -PM=^ MM' = XX', 

.-. 8'P-8P=AA'. 



COE. By means of this property the hyberbola may be 
practically described, and the form of the curve determined. 

Let a rigid bar ;S" Q of any length have one end fastened 
at the focus 8', in such a manner that it is capable of turning 
freely round ;S' as a centre in the plane of the paper. 

At the other end of the bar let a string be fastened of such 
a length that when stretched along the bar it shall just reach 
to within a distance equal to AA' from the end 8' of the 
bar. 
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If the loose end of the string be now fastened to the focus 
S, and the rod being initially placed in the position S'S, be 
made to revolve round >Si', while the string is. kept constantly- 
stretched by means of the point of a pencil at F, in contact 
with the bar; since 8'P and SP are always increasing by 
the same amount, viz. the length of the portion of the 
string that removes itself from the bar, between any two 
positions of P, the difference between 8'P and 8P will be 
constantly the same, and the point P wiU trace out the 
hyperbola. 

Another perfectly similar branch may be described in the 
same manner by making the bar revolve round 8 as centre. 

In this case 8'P — 8P will be equal to AA'. 

The curve, therefore, consists of two similar branches^ 
which recede indefinitely both from the line AA', and also 
from the line BCP' drawn bisecting AA' at right angles. 
(See Jig. Prop. IV.) 

48. If 5(7 be taken of such a length that 
BO' = 08' - 0A\ 
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and GB' be made equal to GB, then A A' and BB' are called 
respectiTcly the Transverse and Conjugate Axes. 

The line BOB' does not meet the hyperbola, and the 
reason of its being introduced will be seen further on. 

If the conjugate and transverse axes are equal, the hyper- 
bola is said to be rectangular or equilateral. 

The property of the hyperbola, which we have just inves- 
tigated, viz. that the difference between 8P and 8'P is con- 
stant, is sometimes taken as the definition of the curve. {Hee 
Chapter 11. Art., 25) 

Also as in the ellipse, if 8L be the semi-latus rectum, it 
may be proved that 

8L.AC = BC\ 

Peop. IV. 

49. The difference of the distances of any point from the 
foci of a hyperbola will be greater or less than AA', according 
as the point is on the concave or convex side of the curve. 





\ 


B 






T/ 




>- 


-^ 


^ 
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y 




a' A' 


B- 


C 


A 
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(1). Let 5 be a point on the concave side of the hyperbola. 
Join 8Q., 8'Q, and let 8'Q meet the curve in P; join 
8P; then 

BmcQ 8' Q = 8'P -^PQ, 

&nA8Q<8P+PQ, 
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.-. S'Q- 8Q>S'P-8P. 
hut S'F-8P^AA', 
.: 8'Q- bQ>AA'. 

(2.) Let Q \)& & point on tlie convex side of the curve, 
nearer to 8 than 8' ; join 8Q, S'Q, and let 8Q meet the 
curve in P ; join S'P; then 

8'Q<8'P+PQ, 
iini8Q = SP+PQ, 
.: 8'Q-8Q<8'P- 8P, 
hut 8'P - 8P= AA', 
.: S'Q- SQ<AA', 
so if Q be nearer to S' than 8, we can show that 
8Q-S'Q<AA'; 

CoE. Coversely a point will be on the concave or convex 
side of the hyperbola, according as the difference of its dis- 
tances from the foci is greater or less than A A'. 

50. Def. If a point P' be taken on the hyperbola near to 
P (see Jig. Prop, V.) and PP' be joined, the line PP' pro- 
duced, in the limiting position which it assumes when P' is 
made to approach indefinitely near to P, is called the Tangent 
to the hyperbola at the point P. 

Prop. V. 

If the tangent to the hyperbola at any point P meet the 
directrix in the point Z, and if 8 be the focus corresponding 
to the directrix on which Z is situated, then SZ will be at 
right angles to 8P. 
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Let P' be a point in the curve near to P. 
Draw the chord FF', and produce it to meet the directrix 
in Z; join 8Z. 

Draw FM, FM' at right angles to the directrix, and join 
8F, 8F'. 

Produce PS to meet the hyperbola in Q ; then since the 
triangles ZMP, ZM'F' are similar, 

.-. ZF : ZF' :: MF: M'F', 
:: SF: 8F'. 
.-. 8Z bisects the angle F'8Q. {Euclid, VL A.) 
Now, when P' is indefinitely near to P, and PF' becomes 
the tangent at the point P, the angle F8P' becomes in- 
definitely small, while the angle Q8P' approaches two right 
angles ; and therefore the angles ZSF', being half of the angle 
P'8Q, becomes ultimately a right angle. 

Hence, when FZ becomes the tangent at the point P, the 
angle ZSF is a right angle, 

or SZ is perpendicular to SF. 
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CoE. 1. Conversely, if 8Z te drawn at right angles to 8P, 
meeting the directrix in Z, and PZ he joined, P^will be the 
tangent at P. 

CoE. 2. If PZ he produced to nieet the other directrix in 
Z', and 8'Z' be joined ; then 

S'Z' is at right angles to S'P'. 

CoE. 3. The tangents at the extremities of the latus rectum, 
or double ordinate through the focus, meet the axis in the 
point X. 

PfiOP. VI. 

The tangent to the hyperbola at any point P makes equal 
angles with the focal distances 8P and S'P. 




Let the tangent at P meet the directrices in Z and Z'. 

Draw PMM' at right angles to the directrices meeting 
them in M and M' respectively ; join 8Z, S'Z' ; then 
8P : PM :: S'P : PM'. 



CONIC SECTIONS. 79 

And since the triangles ZMP, Z'M'P are similar, 

PM : PZ:: PM' ; PZ, 

,-. 8P : PZ:: S'P : PZ'. {Ex ceguali.) 

Now in the triangles 8PZ, 8' PZ' because the sides ahout 
the angles SPZ, 8'PZ' are proportional, and the angles 
PSZ, P8'Z' are equal, being right angles, and the angles 
SZP, S'Z'P are each less than a right angle, 

.-. the triangles SPZ, 8'PZ' are similar. (Euclid, VI. 7). 

.-. the angle ;8'P-^= 8'PZ'. 

Peop. VII. 

The tangents at the extremities of a focal chord intersect in 
the directrix. 

Let P8Q be a focal chord, and let the tangent P meet 
the directrix in Z. Join 8Z; then 

the angle Z8P is a right angle, {Prop. V.) 

And .'. also the angle Z8Q is a right angle, 

.-. ZQ is the tangent at Q. (Prop. V. Cor. 1.) 

Or the tangents at the extremities of a focal chord intersect 
in the directrix. 

Peop. VIII. 

51. If the tangent at P meet the transverse axis in T, and 
PN be the ordinate of the point P; then 

CT. CF=GA\ 

Draw PMM' at right angles 'to the directrices meeting 
them in M and M. Join 8P, S'P; then 

since PT bisects the angle 8PS', {Prop. VI.) 

.-. S'T : 8T :: S'P : SP, {Eudid,YI. 3.) 

:: PM' : PM, 

:: X'N: XN. 
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S'T. 



8T : S'T + 8T 

or2GT : 2C8 

or CT : CS 



Z'JV-ZiV: X'N+XN 
2GX : 2GN, 
OX : OK 
.-. CT.GN^GS. CX, 

= GA\ {Prop. II.) 
52. Def. The line PG*, drawn at right angles to the tangent 
PT, is called the Normal to the hyperbola at the point P. 



Prop. IX. 

If the normal to the hyperbola at the point P meet the 
transverse axis in the point O, and PN be the ordinate of 
the point P, then 

NQ : NG :: BC : AG\ 
Draw PMM' at right angles to the directrices, meeting 
them in M and M', and produce 8'P io W; then since 
the angle TP6? is a right angle, 
.-. the angle WPQ = the complement of the angle 8'PT, 
and the angle 8PG = the complement of the angle 8PT; 
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but the angle S'FT = the angle 8FT, 
.-. the angle WFG = the angle SPG, 
:. PG bisects the angle SPW, 
8'G : SG :: S'P : 8P, {Eudid, VI. A.) 





PM' : 


PM, 




X'N: 


XN, 


. S'G + 8G : S'G- 


-SG : 


: X'N+XN : X'N- XN; 


ot2CG 


: SS' : 


: 2GN: XX'. 


Alternately, 2GG : 


2GN : 


: SS' : XX; 


oxGG 


: GN : 


: G8 : GX, 






: GS' : GA\ {Prop. II. Cor.) 


.. GG-GN 


: GN : 


: GS-'-GA^ : GA'; 


ovNG 


: GN : 


: BG' : AG\ 



Prop. X. 

If PN be the ordinate of any point P on the hyperbola ; 
then 

PN^' : AN. AN :: BG' : AG'. 

YorNG : NG :: £G' : AC\ 

And rectangles of the same altitude are to one another as 
their bases, (Euclid, VI. 1.) 

. . TN. NO : TN. NO :: BG' : AG\ 
or PN' : TN. N G :: BG^ : AG' 
But TN. GN= GN' - GT . GN, (Euclid. II. 2) 
= GN' - GA\ [Prop. VIII.) 
= AN. A'N, {Euclid, II. 6.) 
.-. PN' : AN. A'N :: BG' : AG'. 

Pbop. XL 

If the normal at any point P of an hyperbola meet the 
transverse axis in G ; then 

SG : SP :: G8 : GA. 
G 
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Produce S'P to W; ■ 


then 








since PG bisects the angle 8PW, (Prop. IX.) 




8G : 


8'G : 


: 8P: 


8'P, 




.-. 8G : 8'G- 


-80 : 


: 8P: 


8'P-8P, 




hvit S'P - 


8P = 


A A', {Prop. III.) 




and 8'G - 


80 = 


88', 






.-. 8G 


: 88' 


:: 8P 


: AA', 




or 80 


■ : 8P 


:: 88' 


: A A', 




or 80 


■ : 8P 


:: C8 


: CA. 


COE. 


Hence also, 










8'0 : 


: 8'P: 


: G8 : 


CA. 






Peop. XIL 





53. If from the foci 8 and 8' of an hyperbola 8Y and 8' Y' 
are drawn at right angles to the tangent at P, then Y and Y' 
are on the circumference of the circle described on A A' as 
diameter, and 

8Y. 8'Y' = BG\ 

Join 8P, 8'P, and produce 8Y to meet 8'P in W; join 
CY; then 

since the angle SPY = the angle WP Y, {Prop. VI.) 
and the angle 8YP=t\ie angle WYP, 
and the side Pyis common to the triangles SPY, WPY, 
. . the triangle SPY= WPY in all respects, 
.-. SP= P^W, and 8Y = WY, 
.-. S'P-8P= 8'W, 
but S'P-SP = A A', {Prop. III.) 

.-. 8'W=AA'. 
Again, . •. 8G= GS', and 5fF = WY, 
.-. fi-O : OiS' :: 8Y : YW, 
.-. CF is parallel to ,8" T^ 
.-. GY : 8W:: G8 :: 88', , 
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.-. GY=^S'W=GA; 
BoCY=OA. 
.'. Y and Y" are points on the circumference of the circle 
described upon AA' 2,s diameter. 

■^ Next, let iS y be produced to meet this circle in Z, and join 
ZY'; then 

since the angle ^FZ' is a right angle 
.". ZY' passes through the centre C, 
.-. the angle /SfCZ= the angle S'GT, 
.■._8Z'=S'Y', 
.-. 8Y . S'-Y = SY . SZ,. 

= SA . 8A\ {Evdid, III. 36 Gar) 
= GS'-GA\{Eucltd,ll.6.) 

Cob. If GD be drawn parallel to the tangent at P meeting 
8'P in E; then 

since GEPY is a parallelogram, 

.-. PE=GY=^AG. 

g2 
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Prop. XIII. 

54. To dra-w a pair of tangents to an hyperbola from an 
external point 0. 




Of the foci 8 and /S', let /Sf' be that which is nearer to 0. 

With centre S and radius equal to A A describe a circle. 

Join 08, 08'; and let 80 oi- 80 produced meet the circle 
in the point I. 

Now if be a point inside the circle MIM' it is evident 
that 08' is greater than 01; and if be outside the circle, 

since 08 - OS' < AA' or 81, {Prop. IV.) 

.-. 08 - 08' < 08 -01, 

.: 08- > 01. 

With centre and radius 08' describe another circle 
cutting the former in the points M and M', which it wiU 
always do since 08' is greater than 01. 
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Join SM, 8M', and produce them to meet the hyperbola 
in the points P and P'. 

Join OP, OP' ; these will lie the tangents required. 
Join>S'P, S'F; then 

since S'P -SP= A A' = SM, 
.-. S'P = PM. 
And .-. S'P,PO = MP, PO, each to each, 
and 08' = OM, 
-. the angle OPS' = the angle 0PM, 
.-. OP is the tangent at P. (Prop. VI.) 
So OP' is the tangent at P'. 

The points of contact P and P' will be upon the same 
or opposite branches of the hyperbola according as SM and 
SM' require to be produced in the same or in opposite 
directions with respect to S, in order to intersect the 
hyperbola. 

Peop. Xlt. 

If from a point a pair of tangents, OP, OP' be drawn 
to an hyperbola, then the angles which OP and OP subtend 
at either focus will be equal or supplementary according as 
the points of contact are in the same or opposite branches of 
the hyperbola. 

Let the points P and P' be on opposite branches of the 
hyperbola. 

Join PS', S'P; SP', S'P'. 

Produce PS to M, making Pilf equal to PS'. Also from 
FS cut off a part P'M' equal to P'S'. 

Join OM, OM'; OS, OS'. 

Then since OP, PS' = OP, PM, each to each, 

and the angle OPS' = the angle 0PM, (Prop. VI.) 

.-. 08' = OM, 

and the angle OS'P = the angle OMP. 
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, So 08' = OM', 
and the angle OS'T = the angle OM'P', 
.-. 0M= OM'. 
Again, •.• 8M=:S'P-SP = AA', 
and 8M' = 8P' - 8'P' = AA', 
.-. 8M = SM'. 
And •.• 08,8M=08, 8M', each to each, 
and OM = OM', 
.-. the angle 08M = the angle O/Sif', 
and the angle OMS = the angle OM' 8. 
But 05'ilf is the supplement of 08P, 
and OJr fifis the supplement of OM'P', 
.-. 0)8'ilf' is the supplement of 08P, 
and OJfP the supplement of OM'P'. 
But OJIfP= 08'P, 
and OM'F -■= 08'F, 
.-. 8'P is the supplement of 8'P 
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Hence the angles which OP and OP' subtend either at S 
or 8' are supplementary. 

In a similar manner if P and P' are on the same branch of 
the hyperbola, the angles subtended either at 8 or 8' may be 
shown to be equal. 

Peop. XV. 

55. If the tangent at any point P of an hyperbola meet the 
conjugate axis in the point t, and Pn be drawn at right angles 
to GB; then 

Gn. Gt = BG\ 




Draw PJVat right angles to GA ; then 

Gt : GT :: PN : NT, 
.: Gt : PN :: GT : NT, 
.-. Gt.Gn: PN' :: GT.CN: GN.NT; 
or Gt.Gn: GT. GN :: PN" : GN . NT, 

:: BG' : AG\ (Prop.X.) 
BvLtGT. GN=AG\ 
.-. Gt. Gn = BG\ 
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56. The proofs that we have given up to this point of the 
properties of the hyperbola are closely analogous to the 
corresponding propositions in the ellipse. The remaining 
properties of the hyperbola are more conveniently investigated 
by means of its relation to certain lines, which we shall 
presently define, called Asymptotes, in the same manner as 
many of the properties of the ellipse were deduced from those 
of the auxiliary circle. 

Def. The hyperbola described [see fig. Prop. XIV.) with 
G as centre, and BB' as transverse axis, and A A! as con- 
jugate axis, is called the Conjugate Hyperbola. Its foci, 
which, will be on the \m& BGB', will evidently be at the 
same distance from C as those of the original hyperbola, 
since 

GS^ =^ GA" + GB\ 



Prop. XVI. 

If through any point R on either of the diagonals of the 
rectangle formed by drawing tangents to the hyperbola and 
its conjugate at the vertices. A, A', B, B,' two ordinates 
RPN, RDM, be drawn at right angles to A A' and BB', and 
meeting either the hyperbola or its conjugate in the points P 
and D ; then 

RN'^PN' =BG\ 
and RW ^ DM^ = A G\ 
Let ^ be a point on the diagonal OGO; then 
RN'' : GN' 

and FN' : GN' - CA' :: BG' : AG' ; (Prop. X.) 
.-. RN'- PN" : GA'' 



. . RN^ - FN' 
Again, RM' : GM'' 
and DM' : GM' - GB' :: AG' : BG' ; (Prop. X.) 
■. RM' - DM'' : BG" 
.-. RM'-DM'=AG\ 



AG'' 


: AG\ 


BG' 


: AG\ 


BG' 


: AG'; 


BG' 


: AG': 


BG\ 




AG' ■ 


; BG\ 


AG' : 


.BG'; 


AG^ : 


BG'- 
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In exactly the same manner, if NB had been produced to 
meet the conjugate hyperbola in F, and MB had been produced 
to meet the original hyperbola in B, we should have had, 

PN'-BN' = BC\ 

&nADM^- RM^=AG\ 

CoE. If BP be produced to meet the hyperbola in p, 
and the other asymptote in r ; then 

BN^ ^FN' = BF. Fr: (Euclid, II. 5) 

.-. BF.Fr = BC\ 

Hence as BFN is further removed from A, and the line 
Fr consequently increases, since the rectangle contained by 
BF and Fr remains constant, BF must diminish, and by 
taking B sufiSciently far from G, BF may be made less than 
any assignable magnitude. The line CB, therefore, con- 
tinually approaches nearer and nearer to the hyperbola, though 
it never actually reaches it. 
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On account of this property, CJS is called an Asymptote to 
the hyperbola. 

So also if P be the point where NR produced meets the 
conjugate hyperbola, we shall have 

BP .Fr = BC'; 

and therefore CB is also the asymptote to the conjugate 
hyperbola. 

In the same manner it may be shown that the other 
diameter o Co' of the rectangle (7 is an asymptote to both 
hyperbolas. 



Prop. XVII, 

57. If a be the point where the asymptote meets the 
directrix; then 

CH^AC. 
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For by similar triangles, 

CE : GO :: CX : GA, 

:: GA : G8. {Prop. II.) 
But CO' = GA' + G£' = 08'; 
.-. GO = GS; 
.-. CE=AG. 
CoE. If 8E be joined, since 

GE' = GA' = G8 . CX, 
.-. the angle CE8 is a right angle. {Euclid, VI. 8, Ciw.) 



Pkop. XVIII. 

If from any point B in one of the asymptotes to an hyper- 
bola ordinates RPN, BDM be drawn to the hyperbola and 
its conjugate respectively, and PD be joined, PD will be 
parallel to the other asymptote. 

Yor BN' : RM' :: BG' : AC'; 

and RN'-PIP : BJIP-BM' :: PC : AC\ {Prop. XVI). 

.-. PIP : DM' :: PC' : AG*; 

:: RN': RM', 

.: PN : DM :: RN : BM; 

.-. PDis, parallel to MN. {Euclid, VI. 2.) 

Also GN: GM :: AG: BO, 

.-. MN is parallel to AB; 

and 0^ : Ao :: 05 : Bo', 

.•. ^5 is parallel to oo'. 

Hence PD is parallel to oo'. 

CoE. So also if R and i) be the points where NR and 
MR produced meet respectively the conjugate and the original 
hyperbola, PD will be still parallel to oo'. 
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Peop. XIX. 

58. Tf through any two points Q and Q' of an hyperbola a 
line RQQ'R' he drawn in any direction meeting the asymp- 
totes in B and R' ; then will 

RQ = R'Q. 




Through Q and Q' draw the ordinates UQW, U'Q'W; 
meeting the asymptotes in U, W, U', W'r, then by similar 
triangles, 

QR : QTI:: Q'R : QU', 
and QR' : QW :: Q'R' : QW; 
■. compounding 

QR . QR' : QU. QW :: Q'R . QR '. Q'U' . Q'W. 

But QU.QW=BG' = Q'U'.Q'W (Prop. XVI. Cor.) 

.-. QR . QR' ^ Q'R . Q'R' ; 
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but QR . QR' = QR.QQ'+QR. Q'R\ 

and Q'R . Q'R' = Q'R' . QQ' + QR . Q'R'; 

.: QR. QQ' =Q'R .QQ'. 

.-. QR = Q'R'. 

Cor. 1. If RQQ'R' move parallel to itself until the points 
Q and Q' coincide, the line RQR^ will ultimately assume the 
position LP I, and will become a tangent to the hyperbola at P. 

Hence, since RQ is always equal to R'Q^, 

LP = PI, 

or the tangent L PI is bisected at the point of contact P. 

COE. 2. If CP be produced to meet RR' in V, then since 

RV : VR^ :: LP : PI, 

.-. RV=VR'; 

and RQ--= Q'E, 

.-. QV= Q'V. 

Hence if a series of parallel chords be drawn in an hyper- 
bola, their middle points will all be in the line drawn through 
the centre and the point where the tangent parallel to the 
chords meets the hyperbola. 

Def. a line P CP" drawn through the centre, and meeting 
the hyperbola in P and P', is called a Diameter. 

A diameter consequently bisects all chords drawn parallel 
to the tangents at its extremities. 

Prop. XX. 

59. If through any point Q of an hyperbola a line ^^r, be 
drawn in any direction meeting the asymptotes in R and r, 
and LPl be the tangent drawn parallel to RQr ; then 

RQ . Qr = PL\ 

Through Pand Q draw the ordinates EPe, UQW, meeting 
the asymptote in E, e, U, W ; then by similar triangles, 
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QR : QU 
Qr -.QW 
. QB.Qr : QU.QW 
but QU.QW=BO' = PE 
.: QB.Qr = PL 



PL : PE, 
PI : Pe 
PL.Pl : PE. Pe 

Pe. {Prop. XVI. Cor) 

PI, 



= PL\ {Prop. XIX. Cor. 1.) 
COE. If Qq^ be produced to meet the conjugate hyperbola 
in Q', g' we may show that 

Q'B . Qr = PL\ 
and also, as in Proposition XIX., that 
QR = ^r, 
.: QQ = q_i.^ 
Hence if a line be drawn in any direction meeting both the 
hyperbolas, the portions intercepted between the hyperbola 
and its conjugate will be equal. 
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Peop. XXI. 

60. If from any point P of an hyperbola, PH and PK be 
drawn parallel to the asymptotes^ meeting them in H and K 
respectively; then A . PH : PK = 08\ 




Braw the ordinate RPNr meeting the asymptotes in B 
and r ; then by similar triangles, 



PH. 





PH: 


PR 


:: Oo 


: Oo, 


andP^ 


: Pr 


:: CO 


:Oo, 


PK 


: PR 


.Pr 


:: 00" 
:: 08' 


: Oo\ 
: ABC 




But PR . 


Pr = 


BO', 




: 4, 


PH. 


PK = 


08'. 
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PiiOP. XXII. 

If the tangent at any point P of an hyperbola meet the 
asymptotes in L and I ; then the area of the triangle L CI is 
equal to the rectangle contained by ^ C and £ C. 

Draw -P-ET and PK parallel to the asymptotes meeting 
them in H and K ; then 

since Ci : CH :: LI : PL 

and iZ = 2 PI, {Prop. XIX. Cor. 1.) 

.-. GL = 2 GH=2PK; 

so Gl = 2GK=2PH, 

.-. GL.Gl = 4:'PH.PK= CS\ {Prop. XXI.) 

= GO . Go, 

.-. GL : GO :: Go : Gl, 

.-. the triangles LGl, OCo have the angle at G common and 
the sides about those angles reciprocally proportional ; 

.•. the triangles LGl = the triangle OGo, 

= AG.AO. 

= AG.BO. 

Peop. XXIII. 

61. If from any point -B in the asymptote of an hyperbola, 
two ordiriates BPN and RDM be drawn to the hyperbola 
and its conjugate respectively, then the tangents at P and D 
will be parallel respectively to GD and GP. 

Join PD, meeting CR in H; then 

since PB is parallel to od , {Prop. XVIII. j 

the tangents at P and D will each meet GR produced in the 
same point L. {Prop. XXII.) 

Produce LP and LD to meet the other asymptotes in I 
and V ; then 

since GL.Gl= 08" = GL . Gl', {Prop. XXII.) 
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.-.01= cv, 

.-. 10 : OV :: IP : PL, 

. • . GP is parallel to the tangent at D. 

Msol'D : DL :: I'C : Gl, 

. •. GD is parallel to the tangent at P, 

The lines GP and GD are called Ganjugate Diameters, 
since each of these lines is parallel to the tangent at the 
extremity of the other. 



Prop. XXIV. 

If GP and GD be semi-conjuga,te diameters in the hyper- 
bola; then 

GP'-.GDP='OA^--.GB'. 

Ihraw the ordinates NPR, MDR meeting the asymptote in 
the point R {Prop. XXIII.); then 

H 
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GE' - CP^ = NR^ - NP\ 

= BC\ {Prop. XVI.) 

.-. OR'^GP^ + BG^; 

so GB' = GD' + AG\ 

.-. GP' + BG'' = GD'' + AG'; 

or GP'-.GD' = AG' '^BG'. 



Peop. XXV. 

62. The area of any parallelogram formed by drawing tan- 
gents to the hyperhola and its conjugate at the extremities 
P, P', B, If of a pair of conjugate diameters is equal to the 
rectangle contained by the axes. 




Let LIL'V be the parallelogram formed by drawing 
tangents at the extremities P, P', D, If, of any pair of 
conjugate diameters. The points L, L', I, I', will {Prop. XXIII.) 
be on the asymptotes. 
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Now the parallel ogTam LL' = 4 parallelogram CL, 

= 4 triangle LCI, 
==4:AC.BC, {Prop. XXII.) 
= AA' . BB. 
OK. If PF be drawn perpendicular to CD, then 
PF. GD = AC.BC. 
Also, if the normal PQ meet the transverse axis in G, as 
in tlie ellipse 

PF.PO = BC\ 
63. Def. The line Q V drawn from any point Q of the 
hyperbola parallel to the tangent at any point P, and meeting 
OP produced in V, is called an Ordinate to the diameter GP. 

Prop. XXVI. 

li QV he an ordinate to the diameter P'GP, and CD be 
conjhgate to CP; then 

QV : PV.P'V :: GB' : GP\ 
Produce F^ to meet the asymptotes in R and r; and let 
the tangent at P meet the asymptotes in L and I ; then 
BV : PL\:: CV^ : GP'\ 
... EV'-PU : PL" :: GV - CP' : CP\ 
But BQ.Qr = PL', {Prop. XX.) 

... RV - QV = PL', 
ox RV - PL' = QV\ 
AjiACV'-GP'=-PV.P' V, {Euclid, II. 6.) 
.-. QV : PL' :: PV.P'V : GP'. 
Alternately, QV : PV . P'V :: PL' : CP'. 
But since PB is a parallelogram, {Prop. XXIII.) 
.-. PL=-CB. 
. Hence QV : PV . P'V :: CB' : CP'. 

COE. If VQ be produced to meet the conjugate hyperbola 
in <y, then 

since Q'R.Q^r = PL\ {Prop. XX. Cor) 
.-. Q'V - RV = PL'. 

Hence QV :CV' + CP' :: CB' : CP'. 
h2 
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Pi40P. XX 711. 

64. If QV he, an ordinate to the diameter PV, and the 
tangent at Q meet CP in the point T; then 

GV. CT= CP\ 

Draw the tangent LPl meeting the asymptotes in the 
points i, I; also let the tangent at Q meet the asymptotes 
in B, r. 




Draw RK, rk parallel to 0^^ meeting CP in K, k. 

Now since the triangles RCr, LCI are equal, {Prop. 
XXII.) and have the angle at G common, 

.-. CR : CL :: Gl : Cr. 



But CE : CL :: GK CP, 



[Euclid, VI. 15.) 
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and CI : Cr :: CP : Ck, 

.-. CK : CP :: OF : Ck, 

.-. CK.Ck=CP\ 

Again, produce RK and QV to meet the asymptote CI in 
R' and q; then 

Since Rr'is bisected in Q, (Prop. XIX. Cor. 1) 

.•. R'r is bisected in q, 

and RK= RK, {Prop. XIX. Cor. 2) 

.". Kq is parallel to Rr, 

.-. CT : CK:: Cr : Cq, 

:: Ck : CV, 

.-. CV. CT=CK. Ck 

^CP\ 

Cor. 1. Conversely, if ^F be an ordinate to PF, 
and CV.CT= CP", 
then QT is the tangent at Q. 

Cor. 2. Hence also, if RR' meet the curve in ?7and U', 
and kU,kV' be drawn, 
since CK.Ck^CP\ 

. kU and kU' are tangents to the hyperbola at ?7^nd U'. 

Prop. XXVIII. 

65. If two chords of a hyperbola intersect one another, the 
rectangles contained by their segments are proportional to 
the squares of the diameters parallel to them. 

Let QOq be any chord drawn through the point 0, and 
let CD be drawn parallel to it, meeting the conjugate 
hyperbola in B. 

Produce Qq to meet the asymptotes in R and r ; and draw 
the diameter CPV, bisecting both Qq and Rr in V. {Prop. 
XIX. Cor. 2.) 

Also draw the tangent L PI parallel to Qq, meeting the 
asymptotes in L and I, 



102 



CONIC SECTIONS. 




Now since Qq is divided equally in V and unequally in 0, 
.-. QO.Oq= QV^- OV; (Euclid, II. 5) 
so siho BO. Or = EV^-OV\ (MicNd, II. 5) 
.-. B0.0r-Q0.0q = BV^ - QV\ 

^EQ.Qr {Euclid, II. 5) 
= PL\ {Prop. XX.) 
.-. QO .0q = B0. Or-PL\ 

Again, through and P draw EOe, UPW, at right 
angles to the axis meeting the asymptotes va. E, e, U, W ; 
then 

BO : OE :: PL : PU, 

andrO : Oe :: PI : PW, 

.-. BO .rO : OE. Oe wPU : PU. PW; 
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hvit PU.PW = BO\ (Prop. XVI.) 

and PL" = OB', {Prop. XXIII.) 

.-. BO .rO : OE. Oe :: OB" : BO", 

or BO.rO : OB" :: OE . Oe : B0'\ 

. . BO.rO -PL" : OB" :: OE . Oe -BO" : BO", 

ovQO. Oq : OB" :: OE. Oe -BO" : BO". 

In the same manner if through another chord §' Oq 
be drawn, and OB^ be drawn parallel to it, meeting the con- 
jugate hyperbola in B', we shall have 

Q'O. Oq' : OB"' :: OE . Oe-BO" : B0\ 
Hence QO - Oq : Q' - Oq' :: OB" : OB'". 

CoK. The same result may be shown to be true when the 
point is outside the hyperbola. Moreover, it is not necessary 
that the chords should be drawn meeting one branch only of 
the hyperbola or the same branch. The proportion still 
holds good when one or both of tlie chords meet both 
branches of the hyperbola, or when the chords are drawn in 
different branches. 

66. Def. If with a point on the normal at P as centre. 
and OP as radius, a circle be described touching the hyperbola 
at P, and cutting it in Q ; then when the point Q is made to 
approach indefinitely near to P, the circle is called the Oircle 
of Curvature at the point P. 

Peop. XXIX. 

If PE be the chord of the circle of curvature at the point 
P of a hyperbola, which passes through the centre ; then 

PH. CP=2 0B" 

Let PT be the tangent, and PG' the normal at the point P. 

With centre 0, and radius OP, describe a circle cutting the 
hyperbola in the point Q. 

Draw EQW parallel to OP, meeting the circle in W, and 
TP produced in B. 

Also, draw QF parallel to PB, meeting the diameter PP' 
in V; then since ^P touches the circle at P, 
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CP\ {Prop. XXVI.) 
: CP^ 
GP\ 



.■.RQ.BW= PB\ {Euclid, III. 36) 

oiPV.BW= QV\ 

ButQV'iPV.P'Vi: 017 

■.PV. RW : PV . P'V :: GIT 

ovBW-.PV:: CD' 

Now, when the circle becomes the circle of curvature at P, 
the points B and Q move up to, and coincide with P, and the 
lines RW and P^ff become equal, while 

P' V becomes equal to PP', or 2 CP. 
B.ence, PH : 20P :: CD' -.OP', 
■. PH.GP: 2GP^ :: 2017 : 20P\ 
. . PH .OP =2 GD\ 



Pkop, XXX. 

If P Z7 be the diameter of the circle of curvature at the 
point P of the hyperbola, and PF be drawn at right angles 
to GD; then 

PU .PF=2GJ}\ 
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Since the triangle PHU is similar to the triangle PFG, 
.-. PU : PH :: CP : PF, 
.-. PU . PF = PH : CP, 

= 2Giy\ {Prop. XXIX.) 

Prop. XXXI. 

If PI be the chord of the circle of curvature through the 
focus of the hyperbola ; then 

PI.AG=^2CD\ 

Let 8'P meet CD in E; then since the triangles PIU 
and PFF&ve similar, 

.-. PI: PU :: PF : PE. 

But PE=AC, [Prop. XII. Cor.) 

.-. PI : PU :: PF : AC, 

.-. PI . AC= PU. PF, 

= 2CD\ {Prop. XXX.) 

The point where the circle of curvature intersects the 
hyperbola may Tae determined as in the case of the ellipse. 

Prop. XXXIl. 

67. If P be any point on the hyperbola, and CD be conju- 
gate to CP ; then 

8P . S'P = CD\ 

Draw PIT parallel to the asymptote CE meeting the 
directrices in / and P, and CB' in U. 

Let the ordinates, NP, MD meet the asymptote in B, and 
draw PW perpendicular to the directrix ; then by similar 
riangles, 

PI : PW :: CE : OX, 

:: CA : CX. (Prop. XVII.) 
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But;^? : PW :: SA : AX, 

:: GA : CX. 

.-. SP=PI; 

so 8'P = PI', 

.-. 8P. S'P = PI .PI', 

= UP' - UP, 
= CM' - GW, 
= Gn^- GA\ (Prop.XYll.) 
But GR' - GD^ = RHP- DM\ 

= GA\ {Prop. XVI.) 
.-. GR'- GA^= CD'. 
Hence ^P. 8'P= CD\ 



PEOBLEMS ON THE HYPERBOLA. 



1. The locus of the centre of a circle touching two given 
circles is an hyperbola or ellipse. 

2. If on the portion of any tangent intercepted between the 
tangents at the vertices a circle be described, it will pass 
through the foci. 

3. In an hyperbola the tangents at the vertices will meet the 
asymptotes in the circumference of the circle described on 
SS' as diameter. 

4. If from a point Pin an hyperbola PIl' be drawn parallel 
to the transverse axis meeting the asymptotes in / and T ; 
thenP/.P/'=^0^ 

5. If a circle be inscribed in the triangle 8F8', the locus 
of its centre is the tangent at the vertex. 

6. If FN be the ordinate of the point P, and NQ.a tangent 
to the circle described on the transverse axis as diameter, and 
FM be drawn parallel to QC meeting the axis in M, then 
MN=BC. 

7. If FN be the ordinate of a point F, and NQ be drawn 
parallel to -4 P to meet CF in Q, then AQ is parallel to the 
tangent at P. 

8. If an hyperbola and an ellipse have the same foci, they 
cut one another at right angles. 

9. If the tangent at P intersect the tangents at the vertices 
in B, r, and the tangent at P' intersect them in B', r, then 
AB.Ar = AE . At'. 
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10. If any two tangents be drawn to an hyperbola, the lines 
joining the points where tliey intersect the asymptotes will be 
parallel. 

11. The perpendicular drawn from the focus to the asymp- 
totes of an hyperbola is equal to the semi-conjugate axis. 

1 2. If the asymptotes meet the tangent at the vertex in 0, 
and the directrix in E; then ^^is parallel to 80. 

13. In a rectangular hyperbola conjugate diameters are 
equal to one aiiother. 

14 In a rectangular hyperbola the normal PG is equal 
to CP. 

15. The lines drawn from any point in a rectangular 
hyperbola to the extremities of a diameter make equal angles 
with the asymptotes. 

16. Prove that the asymptotes to an hyperbola bisect the 
lines joining the extremities of conjugate diameters. 

1 7. A line drawn through one of the vertices of an hyperbola 
and terminated by two lines drawn through the other vertex 
parallel to the asymptotes will be bisected at the other point 
where it cuts the hyperbola. 

18. P is any point on an hyperbola, and P' a point on the 
conjugate hyperbola. If GP and CP' be conjugate, prove 
that 

&F - 8P=AG-BG, 

S and 8' being the interior foci. 

19. If GP and GD be conjugate, and through G a line be 
drawn parallel to either focal distance of P, the perpendicular 
from D upon this line is equal to B G. 

20. Given a pair of conjugate diameters, find the principal 
axes. 

21. If Q be a point on the conjugate axis of a rectangular 
hyperbola, and QP be drawn parallel to the transverse axis 
meeting the curve in P; then 

PQ = AQ. 

22. In a rectangular hyperbola the focal chords drawn 
parallel to conjugate diameters are equal. 
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23. If in an equilateral hyperbola CY he drawn at right 
angles to the tangent at P, and AY he joined, the triangles 
PC A, GAY are similar. 

24. The radius of the circle which touches an hyperbola 
and its asymptotes, is equal to that part of the latus rectum 
produced which is intercepted between the curve and the 
asymptotes. 

25. If QQ' by any chord of an hyperbola, and CP the 
diameter corresponding to it, and QH, PK, Q'H' be drawn 
parallel to one asymptote meeting the other in H, K and H', 
thenCH.OH' = CK''. 

26. If the chord RPP'Bl intersect the hyperbola in the 
points P, P', and the asymptotes in E, B'; and PK be drawn 
parallel to CE', and P'K' to CE ; then RK = P'K', and 
E'K' =PK. 

27. If AA' be any diameter of a circle, and PNQ an 
ordinate to it, then the locus of the intersections of AP, A'Q 
is a rectangular hyperbola. 

28. If two concentric rectangular hyperbolas be described, 
the axes of one being the asymptotes of the other, they will 
intersect at fight angles. 

29. If any chord AP through the vertex be divided in Q, 
so that AQ : QP :: AC^ : BC, and QN be drawn to the 
foot of the ordinate PN, prove that a straight line drawn at 
right angles to QN from Q cuts the transverse axis in the 
same ratio. 

30. Prove that the curve which trisects the arcs of all 
segments of a circle described upon a given base is an hyper- 
bola. 

31. If 8Vs, TVt be two tangents cutting one asymptote 
in 8, T, and the other in s, t, prove that 

V8 -.Vs : Vt VT. 

32. If from the exterior focus of an hyperbola a circle be 
described with radius equal to BC, and tangents be drawn to 
it from any point in the hyperbola, the line joining the points 
of contact will touch the circle described on the transverse 
axis as diameter. 
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33. Circles are drawn touching the straight line AB m 
a fixed point C; and from the fixed points A, B tangents 
are drawn to these circles. The locus of their intersection is 
an ellipse or hyperbola. Distinguish between the two cases. 

34. PP' is a double ordinate in an ellipse. AP, A'F are 
produced to meet in Q. Prove that the locus of Q is an 
hyperbola with the same axes as the ellipse, 

35. If the tangent at P intersect the asymptotes in L and 
I, and PQ be' the normal at P, then the angle LOl is a right 
angle. 

36. If an ellipse, a parabola, and a hyperbola, have an 
common tangent, and the same curvature at the vertex, the 
ellipse will be entirely within the parabola, and the parabola 
entirely within the hyperbola. 

37. The chord RPP'R of an hyperbola intersects the 
asymptotes in R and E. From the point R a tangent R Q 
is drawn meeting the hyperbola in Q. If PH, QK, P'H' be 
drawn parallel to one asymptote meeting the other in the 
points H, K, H' ; then PE:+ P'H' = 2QK. 

38. If through P, P' on an hyperbola lines be drawn parallel 
to the asymptotes forming a parallelogram, of which PP is 
one diagonal ; the other diagonal will pass through the centre. 

39. If P be the middle point of a line JJ^ which moves so 
as to cut ofi" a constant area from the corner of a rectangle, its 
locus is an equilateral hyperbola. 

40. PM, PN are drawn parallel to the asymptotes CN, 
CM, and an ellipse is constructed having CN, CM for semi- 
conjugate diameters. If CP cut the ellipse in Q, the tangents 
at Q and P to the ellipse and hyperbola are parallel. 

41. If a circle be described through any point P of a given 
hyperbola and the extremities A, A! of the transverse axis, 
and NP be produced to meet the circle in Q • prove that Q 
traces out an hyperbola whose conjugate axis is a third pro- 
portional to the conjugate and transverse axes of the original 
hyperbola. 
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42. If lines be drawn irom any point ot a rectangular 
hyperbola to the extremities of a diameter, the diiference 
between the angles which they make with the diameter will 
be equal to the angle which this diameter makes with its 
conjugate. 

43. If between a rectangular hyperbola and its asymptotes 
any number of concentric elliptic quadrants be inscribed, the 
rectangle contained by their axes will be constant. 

44. In the rectangular hyperbola if CP be produced to Q 
so that PQ = GP, and ^0 be drawn at right angles to GQ 
to intersect the normal in 0, is the centre of curvature 
at P. 

45. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas are constructed ; prove 
that if one hyperbola touch the ellipse the other will do so 
likewise ; prove also that the diameters drawn through the 
points of contact are conjugate to each other. 

46. If a pair of conjugate diameters of an ellipse when 
produced be asymptotes to an hyperbola, the points of the 
hyperbola at which a tangent to the hyperbola will also be a 
tangent to the ellipse, lie in an ellipse similar to the given 
one. 

47. In the rectangular hyperbola the radius of curvature at 
P is to the radius of curvature at P' in the triplicate ratio of 
GP to GP'. 

48. OP, OQ are tangents to an ellipse at P and Q, and 
asymptotes to an hyperbola. Show that a pair of their common 
chords is parallel to PQ. One of these chords being RS, 
prove that if PR touches the hyperbola at P, QS touches it 
at 8; also if PS, QR meet in 17, 0Z7 bisects PQ. 

49. The base of the triangle ABG remains fixed, while 
the vertex G moves in an equilateral hyperbola passing 
through A and B. If P, Q be the points in which AG, 
BG meet the circle described on AB as diameter, the inter- 
section of A Q, BP is on the other branch of the hyperbola. 



CHAPTEE IV. 



THE SECTIONS OF THE CONE. 



68. Def. If two indefinite straight lines /O/', i>Oi>', inter- 
sect one another at a point 0, and one of them 10 1' remain 
fixed while the other BOB' revolves round it in such a 
manner that its inclination to lOI' is the same in all positions, 
the surface generated hj BOB' will be a Right Gone. 

The line lOF is called the Axis, and the point the 
Vertex of the Gone. 

It now remains for us to show (see Introduction) that the 
curve formed by the intersection of this surface with a plane 
is in general one, of the three curves whose properties we have 
been investigating, and to consider under what circumstances 
it will be the Parabola, Ellipse, or Hyperbola. 

If the cutting plane pass through the vertex of the cone as 
KOK', and intersect the cone again at all, it will in general 
cut it in two straight lines as OK, OK' which will represent 
two positions of the generating line. 

The inclination of these lines to each other will depend 
upon the inclination of the cutting plane to the axis of the 
cone, and will be greatest when this plane passes through the 
axis, in which case it will be double the constant angle between 
the axis and the generating line. 

If the cutting plane pass through a generating line dod' 
apd be perpendicular to the plane containing this line and the 
axis, it will simply touch the cone along this line. 
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Should tlie cutting plane not pass through the vertex, and 
be at right angles to the axis of the cone, the section will 
evidently be a circle. 

In any other case the section will, as we proceed to show, 
be a Parabola, Ellipse, or Hyperbola. 

Whatever be the position of the cutting plane with respect 
to the cone, we can always suppose a plane drawn through 
the axis of the cone at right angles to it ; and it will be 
convenient to have this latter plane represented by the plane 
of the paper &&I)Od. The cutting plane will therefore always 
be taken at right angles to the plane DOd q{ the parer. 
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Prop. I. 

69. The curve formed hj the intersection of the surface of 
a right cone with a plane (which neither passes through its 
vertex nor is at right angles to its axis) will be a Parabola, 
Ellipse, or Hyperbola, according as the inclination of the 
cutting plane to the axis of the cone is equal to, greater, or 
less than, the constant angle which the generating line forms 
with the axis. 

Let the plane of the paper represent the plane drawn 
through the axis lOT of the cone at right angles to the 
cutting plane ; and let it intersect the surface of the cone in 
the two generating lines OD, Od. ' ^ 

Let the cutting plane intersect the surface of the cone in 
the curve P^, and the plane of the paper in the line ANH. 

The curve will evidently he symmetrical with respect to 
this line. 

On AH take any point N, and through N draw a plane 
perpendicular to the axis meeting the surface of the cone in 
the circle BPr, and the cutting plane in the line PN, which 
will be at right angles to the plane of the paper and to AN. 

Let a sphere be inscribed in the cone touching the cone in 
the circle EQe and the cutting plane in the point 8, and let 
the plane EQe intersect the cutting plane in the line XM, 
whiph will be at right angles to the plane of the paper, and 
therefore parallel to PN. 

Draw PM perpendicular to XM, and join P8, PO, and let 
PO meet the circle EQe in the point Q.* 

Then since P8 and PQ are both tangents to the sphere, 

.-. P8=PQ. 

But PQ = BE, 

.: P8=RE. 

* N.B. In the figure, to avoid confusion, that part of the section which lies 
above the plane of the paper is alone represented. 
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But EE : ZN :: AH : AX, (Euclid, VI. 2.) 

a,TiiAE=A8, 

.-. BE : XN:: A8 : AX, 

--. 8P : PM :: AS : AX, 

. ■. the curve PA is either a Parabola, Ellipse, or Hyperbola, 
whose focus is S and directrix XM. 

Again, let ^ if meet the axis 01 in F. 

Then the angle AFO will he the inclination of the cutting 
plane to the axis. 

(1) Let the angle AFO = the angle FOd; 

then A His parallel to Od, 

.■ the angle AXE = the angle OeE = the angle AEX, 

.-. AE=AX, 

.-. A8 = AX, 

.'. the curve AP will be a Parabola. 
I 2 
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•(2) Let the angle AFO,})e > FOd; then 

the complement FXE is < the complement OFe, 
.-. the angle AXE is < AFX, 
.-. AF is < AX, 
or AS is < AX, 
.'. the curve -4 P is an Ellipse. 
Since the angles HFO, FOd are together less than HFO. 
OFA, i.e. than two right angles, the lines AH&uA. Oe may 
be produced to meet in A'. 

If another sphere be described touching the cone in the 
circle E'Q'd and the cutting plane in the point S' \ and the 
line X'M' denote the intersection of the plane E'Qe' with 
the cutting plane, and PM' be drawn at right angles to this 
line, it can easily be shown that 

8'P : PM' :: 8' A' : A'X'. 

Hence 8' and X'M' represent respectively the other focus 
and directrix of the ellipse. 

Also if i? C be the semi-axis minor, and through the centre 
G a line UOU' be drawn parallel to Ee meeting OD, Od 
in U and IT, then it is evident that 

BO^ = CU.GU'. 

(3) Let the angle AFO\iQ<FOd; then 

the angle AXE is > the angle AFX, 

.-. AE\a>AX, 

.-. AS\s>AX, 

.". the curve PA is an Hyperbola. 

Since the angles AFO, FOd' are less than the two FOd, 
FOd', i.e. than two right angles, the lines FA and dO va.«y 
be produced to meet in A!. 

In this case the cutting plane will intersect the other half of 
the cone, and if any point P' be taken on this part of the 
curve, and P'M be drawn at right angles to XM, it can be 
shown as before that 

SP' : P'M :: 8'A :: AX. 
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The intersection of the cutting plane therefore with this 
portion of the cone will be the other branch of the hyperbola. 

Also if another sphere be described touching the upper 
portion of the cone in E'Q'e, and the cutting plane in 8', 
and the line X'M' denote the intersection ol the plane 
E' Q d with the cutting plane, and P'M be drawn at right 
angles to this line, it can be easily shown that 

8M' : FM' :: 8' A' : AX'. 

Hence, 8' and X'M' will represent respectively the other 
focus and directrix of the hyperbola, 

CoE. 1. In this last case, i.e. when the section is an hyper- 
bola, if a plane OKL be drawn through the vertex of the 
cone parallel to the cutting plane, meeting the plane of the 
paper in the straight line OL, and the surface of the cone in 
the generating line OK; then 

OL : OK :: OL : OR, 

:: AN : AB, 

■.-.AX: AE, {Euclid, Nl. 2) 

:: AX : A8, 

:: CA : C8, (Chap. III. Frop. II.) 

where C is the middle point of A A', and therefore the centre 
of the hyperbola. 

.-. KOL is half the angle between the asymptotes. 
{Chup. III. Prop. XVI.) 

Again, if BG be the conjugate semi-axis, and GU'U he 
drawn parallel to Br meeting OD', Od' in U and U , then 



since U : 


: AG : 


: BL : OL, 


and GU' 


: A'G : 


: rL : OL, 


GV.GU' : 


: AG' : 


: BL.rL : 0L\ 
: KL' : OL^; 


but 50" 


: AC' : 


: KU : 0L\ 


.-. 


BC' = 


GU. GU'. 



Cob. 2. If the cutting plane is parallel to the axis OL and 
01 coincide. 
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In this case half the angle between the asymptotes of the 
hyperbolic section is equal to the constant angle D 01, and 
we can at once see that C is the semi-conjugate axis. 

This affords a convenient method of obtaining a pair of 
conjugate hyperbolas. 

Draw Oi at right angles to 07 in the plane of the paper, 
and let another cone be formed by supposing OD to revolve 
round Oi in such a manner that the angle I)Oi is the same 
in all positions, and equal to the complement o£ DOT. 

Then if through any point A on the common generating 
line OD we draw two planes at right angles to the plane of 
the paper, and parallel respectively to 01 and Oi, they will 
cut the cones in two hyperbolas, whose semi-transverse axes 
will be respectively AC, OG, and whose semi-conjugate axes 
will be respectively OC, AC, and which therefore will be 
conjugate to each other. 
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70. As long as the cutting plane remains parallel to itself, 
it is evident that the ratio of AE to AX, an^ therefore of 
A 8 to AX will be altered. Hence the sections made by 
planes inclined at the same angle to the axis of the cone will 
have the same eccentricity.* 

71, Through any point Q on the circle JEQe let a plane be 
drawn parallel to ANP, intersecting the plane of the paper 
in the straight line WLN', the cone in the curve WQP', and 
the planes of the circular sections EQe, BPr in the ordinates 
QL, P'N\ 




Then it is manifest that the curve WQP' will touch the 
circle w Qw', formed by the intersection of the cutting plane 
with the sphere at the extremities of the ordinate QL pro- 
duced. 

Join OP' meeting EQe in §'j then 

P'q : N'L:: BE • NX, 
:: 8A : AX. 
* The ratio oi SA -.A X, or of OS : CA, is called the eccentricity. 
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But P'§' is equal to the tangent drawn from P' to the 
circle wQw', and N'L is equal to the perpendicular from P' 
on the common ordinate of the circle wQw and the section 
WQP. 

Hence we have the following important property, — 

If a circle touch a conic section in two points at the 
extremities of an ordinate, the ratio which the tangent drawn 
to the circle from any point on the curve bears to the perpen- 
dicular from the same point on the common chord is equal to 
the eccentricity of the conic section. 

If the two points in which the circle touches the conic 
coincide, the circle hecomes the circle of curvature at the 
vertex ; and therefore the ratio which the tangent drawn from 
any point of a conic section to the circle of curvature at the 
vertex bears to the abscissa of the point, is constant and equal 
to the eccentricity of the curve. 



PROBLEMS ON THE SECTIONS OF THE CONE. 

1. The foci of all parabolic sections which can he cut from 
a given right cone lie upon the surface of another cone. 

2. The foci of all elliptical sections of a given right cone, 
in which the ratio of OA to OS is the same, will lie on two 
other cones. 

3. The extremities of the minor axes of the elliptical sec- 
tions of a right cone made by parallel planes lie on two 
generating lines. 

4. The latus rectum of a parabola cut from a given cone 
varies as the distance between the vertices of the cone and 
the parabola. 

5. Under what conditions is it possible to cut an equilateral 
hyperbola from a given right cone ? 

6. Two cones whose vertical angles are supplementary are 
joined as in Art. 69, Cor. 2. Prove that the latera recta of 
the curves of section of the cones, whose axes are respectively 
01 and Oi, made by planes parallel or perpendicular to the 
plane of the axes, are in the duplicate ratio of Oi and 01. 



ADDIllONAL PROBLEMS. 



— 1. Show that the part of the directrix of a paratola, inter- 
cepted between the perpendiculars on it from the extremities 
of any focal chord, subtends a right angle at the focus. 

2. The locus of the foci of all parabolas touching the three 
sides of a triangle is a circle. Prove this, and give a geo- 
metrical construction for finding the centre. 

3. A system of parabolas which always touch two given 
straight lines have their axes parallel; show that the locus of 
the foci is a straight line. 

4. Prove that the locus at the foot of the perpendicular 
from the focus of a parabola on the normal is a parabola. 

5. If 8 be the focus of a parabola, which touches the sides 
AB, AC oi the triangle ABC At the points B, G, and the 
centre of the circle described about the triangle ; prove that 
the angle 8 A is a right angle. 

6. From the focus of a parabola a straight line is drawn 
parallel to the tangent at any point P, meeting the diameter 
through P in V ; show that the tangent drawn from P to any 
circle passing through F' is equal to one-half of the ordinate 
QV, V being the second point in which the circle cuts the 
diameter through P. 

7. P8p is a focal chord, and upon P8 and p8 as diameters, 
circles are described ; prove that the length of either of their 
common tangents is a mean proportional between A 8 and Pp. 
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8. 1{ AQ be a chord of a parabola through the vertex A, 
and QB be drawn perpendicular to A Q to meet the axis in 
B; prove that AB will be equal to the chord through the 
focus parallel to A Q. 

9. The locus of the vertices of all parabolas, which have a 
common focus and a common tangent, is a circle. 

10. Two paraholas have a common axis and vertex, and 
their concavities turned in opposite directions ; the latus 
rectum of one is eight times that of the other ; prove that the 
portion of a tangent to the former, intercepted between the 
common tangent and axis, is bisected by the latter. 

11. jB is a point on a radius OA of a circle, whose centre 
is 0. On OA produced a point C is taken, such that 
OB .00= OA^. If P be any point on the circumference 
of this circle, B the middle point of BP, and Q the point of 
intersection of AB, GP; prove that the locus of ^ is a 
circle. 

12. If from the middle point of a focal chord of a parabola 
two straight lines be drawn, one perpendicular to the chord 
meeting the axis in G, and the other perpendicular to the 
axis meeting it in ^; show that NG is constant. 

13. A circle is drawn touching the axis of a parabola, the 
focal distance of a point P, and the diameter through P. 
Show that the locus of its centre is a parabola with vertex S, 
and latus rectum equal to A 8. 

14. If from the point of intersection of the directrix and 
axis of a parabola a chord XPQ be drawn, cutting the 
parabola in P, Q; show that the rectangle contained by the 
ordinates of P is equal to the square of one-half the latus 
rectum. 

15. Find the locus of the centre of a circle which touches 
a given circle and a given straight line.' 

16. Given one point of contact of a parabola with three 
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tangents given in position, find the two other points of 
contact. 

17. The triangle ABC circumscribes a parabola whose 
focus is 8. Through A, B, G, lines are drawn perpendicular 
respectively to SA, SB, SG. Show that these lines pasS 
through one point. 

18. From the focus a line is drawn parallel to the tangent 
at P, meeting the parabola at Q. QN' is an ordinate, and the 
tangents at P and Q meet the axis in T and T'. Prove that 
82P = 4: AT. AT, and that if the diameter at P meet SQ 
in U, the locus of J/ is a parabola, whose latus rectum is half 
that of the given parabola. 

19. P is any point in a parabola ; through S a line is drawn 
at right angles to the axis, meeting the chord AP or AP 
produced in R. Prove that 8K. 8B=2AS. ^^r, where 8T 
is the perpendicular on the tangent, and 8K on the normal. 

20. From the focus 5 of a parabola 8Kis drawn, making a 
given angle with the tangent at P. Show that the locus 
of K is that tangent to the parabola which makes with the 
axis an angle equal to the given angle. 

21. P8Q is a focal chord of a parabola, AP' a parallel 
chord meeting the latus rectum in Q' ; prove that AP' . AQ 
^ 8P. 8Q. 

22. The circle of curvature at any point of a parabola 
whose abscissa is ^iVcuts the axis in ZJand Z7. Prove that 
AU.AU' = BAIf\ 

23. A B is Si diameter of a circle. From any point Q in 
the circumference a tangent QP is drawn, and from P a per- 
pendicular PN is let fall upon AB. Show that if P be 
always taken so that QP is equal to AN, the locus of P will 
be a parabola. 

24. If a tangent be drawn from any point of a parabola to 
the circle of curvature at the vertex, the length of the tangent 
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will be equal to the abscissa of the point measured along the 
axis. 

25. To two parabolas which have a common focus and axis 
two tangents are drawn at right angles ; the locus of their 
intersection is a straight line parallel to the directrices. 

26. If any three tangents be drawn to a parabola, the circle 
described about the triangle so formed will pass through the 
focus, and the perpendiculars from the angles on the opposite 
sides intersect in the directrix. 

27. A parabola touches one side of a triangle in its middle 
point, and the other two sides produced. Prove that the per- 
pendiculars drawn from the angles of the triangle upon any- 
tangent to the parabola are in harmonical progression. 

28. Two equal parabolas have the same axis and vertex, 
but are turned in opposite directions ; chords of one parabola 
are tangents to the other. Show that the locus of the middle 
point of the chords is a parabola whose latus rectum is one- 
third of that of the given parabola. 

29. Two equal parabolas have the same focus, and their 
axes are at [right angle to each other, and a normal to one of 
them is perpendicular to a normal of the other; prove that 
the locus of the intersection of such lines is a parabola. 

30. Show that in every ellipse there are two equal conju- 
gate diameters, coinciding in direction with the diagonals of 
the rectangle, which touches the ellipse at the extremities of 
the axes. 

31. If a circle be described through the two foci of an 
ellipse, cutting the ellipse, show that the angle between the 
tangents to this circle, and to the ellipse at either point of 
intersection, is equal to the inclination of the normal to the 
ellipse to the axis minor, 

32. The points in which the tangents at the extremities of 
the transverse axis of an ellipse are cut by the tangent at any 
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point of the curve, are joined one witli eacli focus ; prove that 
the point of intersection of the joining lines lies in the normal 
at the point. 

33. The external angle between any two tangents to an 
ellipse is equal to the semi-sum of the angles which the chord 
joining the points of contact subtends at the foci. 

34. The tangent to an ellipse at any point P is cut by any 
two conjugate diameters in T, t, and the points T, t, arejoined 
with the foci 8, S' respectively; prove that the triangles 
SPT, 8'Ft are similar to each other. 

35. P is any point on a fixed circle, the centre of which 
is 0; ^ is a fixed point without the circle; an ellipse is 
described with centre and area constant so as always to 
touch IJP at P. Find the locus of the extremities of the 
diameter conjugate to OP. 

36. The normal at any point P of an ellipse cuts the axes 
in G,g; prove that if any circle be described passing through 
G, g, the tangent to it from P is equal to CD. 

37. Given a focus, a tangent, and the eccentricity of a 
conic section ; prove that the locus of the centre is a circle. 

38. A straight line is drawn through a given point G 
within a circle to cut it in P, P'. If » is taken in it such that 
C/ = GP . GP, find the locus of p. 

39. In the ellipse PY . PY' : PN' :: C/S" : BC and 
8Y. GD= 8P.BG. 

40. Show that if the distance between the foci of the 
ellipse be greater than the length of its axis minor, there will 
be four positions of the tangent, for which the area of the 
triangle, included between it and the straight lines drawn from 
the centre of the curve to the feet of the perpendiculars from 
the foci on the tangent, will be the greatest possible. 
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41. Two conjugate diametei-s^'of an ellipse are cut by the 
tangent at any point P in M, N\ prove that the area of the 
triangle CPM varies inversely as that of the triangle GPN. 

42. Circleg are described" on SY, 8'T as diameters, 
cutting SP, S'P respectively in Q, Q'. Prove that SO . S'P 
= SP.8'Q' = BC'. 

43. P8P', p8p' are any two focal chords of a conic section, 
P and 2> being on the same side of the axis ; prove that Pp, 
P'p' meet on the directi-ix. 

44. Prove that an ellipse can be inscribed in any parallelo- 
gram so as to touch the middle points of the four sides ; and 
show that this ellipse is the greatest of all inscribed ellipses. 

45. If from any point on the exterior of two concentric, 
similar, and similarly placed ellipses, two tangents be drawn 
to the interior ellipse which also intersect the exterior ; show 
that the distance between the points of intersection will be 
double of that between the points of contact. 

46. The tangent at any point P in an ellipse, of which 8 
and .5" are the foci, meets the axis major in T, and TQR 
bisects HP in Q, and meets 8P in R ; prove that PR is one- 
fourth of the' chord of curvature at P through 8. 

47. Prove that the distance between the two points on the 
circumference of an ellipse at which a given chord, not passing 
through the centre, subtends the greatest and least angles, is 
equal to the diameter which bisects that chord. 

48. From any point on the auxiliary circle chords are 
drawn through the foci of an ellipse, and straight lines join 
the extremities of the chords with the extremity of the 
diameter passing through the point ; prove that these lines 
will touch the ellipse. 

49. A quadrilateral circumscribes an ellipse. Prove that 
either pair of opposite sides subtends supplementary angles, 
at either focus. 

K 
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50. Two tangents to an ellipse intersect at right angles; 
show that the straight line joining their point of intersection 
with the point of intersection of the normals at the points of 
contact passes through the centre. 

51. P, Q are points in two confocal ellipses, at which the 
line joining the common foci subtends equal angles; prove 
that the tangents at P, Q are inclined to an angle which is 
equal to the angle subtended by P^ at either focus. 

52. Tangents to an ellipse are drawn from any point in a 
circle through the- foci ; prove that the lines bisecting tlie 
angle between the tangents all pass through a fixed point. 

53. If the ordinate at P meet the auxiliary circle in Q, 
and GQ meet the ellipse in R, then GR is equal to the per- 
pendicular on the tangent at P from G. 

54. If P be a point such that SP, S'P are perpendicular ; 
prove that CD' = 2. BG\ 

55. If circles be described to the triangle SP8' opposite to 
the angles S and 8' ; prove that the rectangle contained by 
their radii is equal to B G'. 

56. The circle of curvature at any point P of an ellipse 
meets the focal distances in JR, R' ; 8U is a tangent to the 
circle. 

Prove that 811' : 8P^ :: 2 . 8P - d . AG : AG, 

and if BR' passes through the centre of the circle of cur- 
vature, GP = 08. Determine the limits of possibility in 
both cases. 

57. A straight line is drawn from the centre of an ellipse 
meeting the ellipse in P, the circle on the major axis in Q, 
and the tangent at the vertex in T. Prove that as CT ap- 
proaches and ultimately coincides with the semi-major axis, 
PT and QT are ultimately in the duplicate ratio of the axes. 
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58. A straight line is drawn through the focus 8 of an ellipse 
meeting the two tangents at right angles to it in Y and Z, the 
diameter parallel to these tangents in L, and the directrix in 
M; prove that 

8L : SY:: 8Z : 8M. 

59. If any equilateral triangle PQB be described in the 
auxiliary circle of an ellipse, and the ordinates to P, Q, R meet 
the ellipse in F', Q', E ; the circles of curvature at P', Q, E, 
meet in one point lying on the ellipse. 

60. From a point T two tangents TP, TQ are drawn to an 
ellipse. Show that a circle with T as centre can be described 
so as to touch 8P, S'P, 8Q, 8'Q. . 

61. If the normal at P meet the axis minor in g, and if the 
tangent at P meet the tangent at the vertex ^ in F; show 
that 

Sg : 8C :: PV : VA. 

62. If a circle passing through Fand Y' touch the major axis 
in Q, and that diameter of the circle which passes through Q 
meet the tangent in P ; show that PR = BO. (See fig. 
Prop. XV.) 

63. K PG the normal at P cut the major axis in C, and if 
DR, PN be the ordinates of I) and P, prove that the tri- 
angles PGN, DRG are similar ; and thence deduce that PG 
bears a constant ratio to CD. 

64. The tangent at a point P of an ellipse meets the tangents 
at the vertices in V, v . On W as diameter, a circle is 
described which intersects the ellipse in Q, Q. ; show that the 
ordinate of Q is to the ordinate of P as .B C to -B <7 + GB ; 
where CD is conjugate to UP. 

65. PGP' is any diameter of an ellipse ; the tangents at any 
two points E and E' intersect in F; PE', P'E intersect in 
G. Show that EG is parallel to the diameter conjugate toi 
PGP'. 

k2 
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66. If P be any point on an ellipse, and with P as centre 
and the semi-axis minor as radius a circle he described ; prove 
that if PG be the normal, a circle described on GG &s 
diameter will cut the first circle at right angles. 



67. ABO is an isosceles triangle having AB = AG. 
BD, BE drawn on opposite sides of B G, and equally inclined 
to it, meet AG in D and H. 

If an ellipse be described about BGD having its minor 
axis parallel to BG ; then AB will be a tangent to the 
ellipse. 

68. If ^ Q be drawn from one of the vertices of an ellipse 
perpendicular to the tangent at any point P; prove that the 
locus of the point of intersection of P8 and QA produced 
will be a circle. 



69. If Y, Y' be the feet of the perpendiculars from the foci 
of an ellipse on the tangent at P; prove that the circle cir- 
cumscribed about the triangle YNY' will pass through C. 

70. Prove that the angle between the tangents to the 
auxiliary circle at Y, Y', is the supplement of the angle 
SP8'. 

71. P is any point on an ellipse ; PM, PiV perpendicular to 
the axes meet respectively, when produced, the circles described 
on the axes as diameter in the points Q, Q'. Show that QQ' 
passes through the centre. 

72. Assuming that the greatest triangle which can be in- 
scribed in a circle is equilateral, prove, by the method of 
projection, that the greatest triangle which can be inscribed 
in an ellipse has one of its sides bisected by a diameter of the 
ellipse, and the others cut in points of bisection by the con- 
jugate diameter. 
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73. PQ is a chord of an ellipse, normal at P, LCL' the 
diameter bisecting it. Show that P Q bisects the angle L PL', 
and that LP + L'P is constant. 

74. A tangent to an ellipse at a point P intersects a fixed 
tangent in T ; if through the focus a line be drawn perpen- 
dicular to ST meeting the tangent io P in Q; show that 
the locus of § is a straight line touching the ellipse. 

75. In an ellipse if a line be drawn through the focus 
making a constant angle with the tangent ; prove that the 
locus of tiie point of intersection with the tangent is a circle. 

76. Any chord PP' of an ellipse is produced to a point Q, 
such that P'Q is equal to half the diameter parallel to PP', 
and QR' R is drawn through the centre to meet the ellipse in 
R, R' ; show that the area PCR is three times the area 
PCR. 

77. In an ellipse, L is the extremity of the latus rectum, 
and GL conjugate to CL. If a circle be described with centre 
C and passing through B, and a line be drawn through D 
parallel to the major axis, the portion of this line which lies 
within the circle will be equal to the latus rectum. 

78. If P be any point in an ellipse, and K the point in 
which a normal at P intersects a line at right angles to it 
through 8', E the point of intersection of SP, and the diameter 
conjugate to CP, and if EK and GK be joined, each of the 
figures SGKE, 8'GEK will be a parallelogram. 

79. If r be a point on the axis -4^' produced, and PJV^the 
ordinate of the point where the tangent from 'T touches the 
ellipse ; prove that 

AN. A'N : AT. A'T :: GN : GT. 

80. Given in an ellipse a focus and two tangents; prove 
that the locus of the other focus is a straight line. 
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81. A focus, a tangent, and the axis major being given^ 
prove that the locus of the other focus is a circle. 

82. A focus, a tangent, and the axis minor being given, 
prove that the locus of the other focus is a straight line. 

83. An ellipse touches a fixed ellipse and has a common 
focus with it; if the major axis be fixed, the locus of the 
other focus is a circle; if the minor axis be fixed, the locus is 
an ellipse. 

84. An ellipse and a parabola have a common focus. Prove 
that the ellipse either intersects tlie parabola in two points, 
and has two common tangents with it, or else does not cut it. 

85.' If in the ellipse a focus, a point, and the axis minor be 
given, the locus of the other focus is a parabola. 

86. If at the extremities P, Q of any two diameters CF, 
GQ of an ellipse, two tangents Pp, Qp be drawn cutting each 
other in T, and the diameter produced in p and q, then the 
areas of the triangles TQp, TFq are equal. 

87.- If a straight line ON be drawn from the centre to 
bisect that chord of the circle of curvature at any point P of 
an ellipse, which is common to the ellipse and circle, and if it 
be produced to cut the ellipse in Q, and the tangent in T; 
prove that GP — GQ, and that each is a mean proportional 
between (7iV and C^! 

88. An ellipse is described so as to touch the three sides of 
a triangle ; prove that if one of its foci move along the cir- 
cumference of a circle passing through two of the angular 
points of the triangle, the other will move along the circum- 
ference of another circle, passing through the same two angular 
points. Prove also that if one of these circles pass through 
the centre of the circle inscribed in the triangle, the two circles 
will coincide. 

89. A triangle is described about an ellipse, so that the 
extremities of one of its sides lie in an ellipse, confocal with 
the given one ;. prove that the line bisecting the opposite angle 
passes through the pole of that side with respect to the outer 
ellipse. 
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90. Prove the following construction for a pair of tangents 
from any external point T to an ellipse of which the centre is 
C. Join CT; let TPCP'T, a similar and similarly situated 
ellipse, be drawn, of which CT is a diameter, and F, F its 
points of intersection with the given ellipse; TP, TF will 
be tangents to the given ellipse. 

01. The locus of the loci of all ellipses inscribed in the 
same parallelogram is a rectangular hyperbola. Prove this, 
and give a geometrical construction for finding the asymp- 
totes. 

92. ^(7 is a fixed diameter of a circle, ABCD a quadri- 
lateral figure inscribed in the circle ; prove that if the angles 
BAG, BAG he complementary, the locus of the intersection 
of BA, GD will be an hyperbola. 

93. Prove that a circle can be described so as to touch the 
four straight lines drawn from the foci of an hyperbola to any 
two points on the same branch of the curve. 

94. Any three diameters of an ellipse LL', MM', NN', 
being taken, a circumscribing parallelogram RTUV touches 
the ellipse at L, L' M, M'. 8how that a conic section can be 
described through the points R, T, U, V, N, N', which will 
be an hyperbola whose asymptotes are the lines forming in 
the ellipse the diameters conjugate to NN' and to the other 
common chord of the ellipse and hyperbola. 

95. On opposite angles of any chord of a rectangular 
hyperbola are described equal segments of circles ; show that 
the four points in which the circles to which these segments 
belong again meet the hyperbola, are the angular points of 
a parallelogram. 

96. A triangle is inscribed in a rectangular hyperbola : 
prove that the circle described through the middle points of 
the sides of the triangle passes through the centre of the 
hyperbola. 
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97. ACB is an isosceles triangle; AB the base, and B 
any point in C£ or CB produced : if BZ be drawn parallel 
to A I), meeting CA or CA produced in Z, prove that the 
middle point of DZ will be in an hyperbola whose asymp- 
totes are OA, CB. 

98. An ellipse and hyperbola are described so that the 
foci of each are at the extremities of the transverse axis of the 
other ; prove that the tangents at their points of intersection 
meet the conjugate axis in points equidistant from the centre. 

99. In a rectangular hyperbola, PK, PL are drawn at 
right angles to A'P, AP respectively to meet the transverse 
axis in K and L ; prove that PK is equal to AP and KL to 
A A', and the normal at P bisects KL. 

100. In a rectangular hyperbola PC is a fixed diameter, 
Q any point on the curve; show that the angles QPO, QOP 
differ by a constant angle. 

101. If the tangent at any point P of an hyperbola cut an 
asymptote in T, and if 8P cut the same asymptote in Q, 
when 8Q = QT. 

102. If a given point be the focus of any hyperbola, passing 
through a given point and touching a given straight line, 
prove that the locus of the other focus is an arc of a fixed 
hyperbola. 

103. At any P of an hyperbola a tangent is drawn, and 
PQ is taken oti it in a constant ratio to CD; prove that the 
locus of Q is an hyperbola. 

104. In an hyperbola, supposing the two asymptotes and 
one point of the curve be given in position, show how to 
construct the curve ; and find the position of the foci. 

105. If A, D be two fixed points, and the angle PAD 
always exceed PDA by a given angle ; find the locus of P, 
and the position of the transverse axis and asymptote. 
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106. From the middle .point D of the base AB of the 
triangle ABC a straight line EDE' is drawn, making a 
given angle with AB, and the points E, E' are taken so that 
ED = E'D = \ AB. If CA, CB take all possible positions 
consistent with the condition that the diflference of the angles 
GAB, GBA is equal to EDA; prove that the point C will 
trace out a rectangular hyperbola of which AB, E'E are 
conjugate diameters. 

107. In the, rectangular hyperbola, prove that the triangle, 
formed by the tangent at any point and its intercepts on the 
axes, is similar to the triangle formed by the straight line 
joining that point with the centre, and the abscissa and semi- 
ordinate of the point. 

108. Tangents are drawn to an hyperbola, and the portion 
of each tangent intercepted by the asymptotes is divided in a 
constant ratio ; prove that the locus of the point of section is 
an hyperbola. 

109. Show that the point of trisection of a series of con- 
terminous circular arcs lie on branches of two hyperbolas, 
and determine the distance between their centres. 

110. From a point R on one asymptote BE is drawn 
touching the hyperbola in E, and ET,EV are drawn through 
E, parallel to the asymptotes, cutting a diameter in T and V; 
EVi% joined, cutting the hyperbola m P, p: show that TP, 
Tp touch the hyperbola. 

111. Given in the ellipse a focus and two points, the locus 
of the other focus is an hyperbola. 

112. If a rectangular hyperbola passes through three given 
points, the locus of its centre is a circle, which passes through 
the middle points of the lines joining the three given points. 

113. If the tangent at P meet one asymptote in T, and a 
line TQhe drawn parallel to the other asymptote to meet the 
curve in Q ; prove that if PQ be joined and produced both 
ways to meet the asymptotes in B and R', BE' will be 
trisected at the points P and Q. 
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114. If two concentric rectangular hyperbolas liave a com- 
mon tangent, the lines joining their points of intersection to 
their respective points of contact with the common tangent 
will subtend equal angles at their common centres. 

115. If TP, TQ be two tangents drawn from any point T 
to touch a conic in P and Q, and if S and 8' be the foci, then 

ST : ST :: SP . 8Q : S'P . S'Q. 

116. The circle of curvature at the vertex of a conic meets 
the axis again in D, and a tangent is drawn to the circle at 
I) : if two tangents be drawn to the circle from any point in 
the conic they will intercept between them a constant length 
of the former tangent. 

117. If the lines which bisect the angles between pairs of 
tangents to an ellipse be parallel to a fixed straight line, 
prove that the locus of the points of intersection of the 
tangents will be a rectangular hyperbola. 

118. An hyperbola, of given eccentricity, always passes 
through two given points ; if one of its asymptotes always 
pass through a third given point in the same straight line 
with these, prove that the locus of the centre of the hyperbola 
will be a circle. 

119. A, P and B, Q are points taken respectively in two 
parallel straight lines, A and B being fixed, and P, Q variable. 
Prove that if the rectangle APBQ be constant, the line FQ 
will always touch a fixed ellipse or a fixed hyperbola, ac- 
cording as P and Q are on the same or opposite sides of 
AB. 

120. If two plane sections of a right cone be taken, having 
the same directrix, the foci corresponding to that directrix lie 
on a straight line which passes through the vertex. 

121. Give a geometrical construction by which a cone may 
be cut so that the section may be an ellipse of given eccen- 
tricity. 
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122. Given a right cone and a point within it, there are 
but two sections which have this point for focus ; and the 
planes of these sections make equal angles with the straight 
line joining the given point and the vertex of the cone. 

123. If the curve formed by the intersection of any plane 
with a cone be projected upon a plane perpendicular to the 
axis, prove that the curve of projection will be a conic section, 
having its focus at the point in which the axis meets the 
plane of projection. 

] 24. If F be the point where the major axis of an elliptic 
section meets the axis of the cone, and G be the centre of the 
section ; prove that 

CF : CS :: AA : AO + A'O, 

being the vertex of the cone. 



THE END. 
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^SCHYLI EUMENIDES. The Greek Text, with EngUsh Notes 
and English Verse, Translation, and an Introduction. By Bernard 
Drake, M.A., late Fellow of King's College, Cambridge. 
8vo. 3J. bd. 

The Greek text adopted in this Edition is based upon that of Wellauer 
■which may be said, in general terms, to represent that of the best manu- 
scripts. But in correcting the Text, and in the Notes, advantage has been 
taken of the suggestions of Hermann, Paley, Linwood, and other com - 
mentators. In the Translation, the simple character of the ^schylean 
dialogues has generally enabled the author to render them without any 
material deviation from the construction and idioms of the original Greek. 
20,000.9.69. A 
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ARISTOTLE ON FALLACIES,; OR, THE SOPHISTICI 
ELENCHI. Witli a Translation and Notes by Edward Poste, 
M.A., Fellow of Oriel College, Oxford. Svo. %s. 6d. 

Besides the doctrine of FallcKies, Aristotle offers, either in this treatise 
or in other passages quoted in the commentary, various glances over the 
world of science and opinion, various suggestions or problems which are 
still agitated, and a vivid picture of the ancient system of dialectics, which 
it is hoped may be found both interesting and histructive. 

Aristotle. — an INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Analysis, Notes, and Appendices. By E. 
M. Cope, Senior Fellow and Tutor of Trinity College, Cam- 
bridge. Svo. i^f. 

This work is introductory to an edition of the Greek Text of Aristotlis 
Rhetoric, which is in course of preparation. Its object is to render that 
treatise thoroughly intelligible. The author has aimed to illustrate, as 
preparatory to the detailed explanation of the work, the general bearings 
and relations of the Art of Rhetoric in itself, as well as the special mode of 
treating it adopted by Aristotle in his peculiar system. The evidence upon 
obscure or doubtful questions connected with the subject is examined ; and 
the relations which Rhetoric bears, in Aristotle's view, to the kindred art 
of Logic are fully considered. A connected Analysis of the work is given, 
sometimes in the form of paraphrase ; and a few important matters are 
separately discussed in Appendices. There is added, as a general Appendix, 
by way of specimen of the antagonistic system of Isocrates and others, a 
complete analysis of the treatise called 'Prrropixv irpif 'AA^JncSpoc, Tvith a 
discussion of its authorship and of the probable results of its teaching. 

CATULLI VERONENSIS LIBER. Edited by R. Ellis, Fellow 
of Trinity CoUega, Oxford. i8mo. 3J. dd. 

An elaborate Preface deals with the arrangement of the verse, and dis- 
cusses various readings. "Rarely,'' says the Saturday Review, "have 
we read a classic author with so reliable, acute, and safe a guide." 
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Cicero.— THE SECOND PHILIPPIC ORATION. With an 
Introduction and Notes, translated from the German of Karl 
Halm. Edited, with Corrections and Additions, by John , E. B. 
Mayor, M.A., Fellow and Classical Lecturer of St. John's 
College, Cambridge. Tliird Edition, revised. Fcap. 8vo. ^s. 

This volume opens with a List of Books useful to the Student of Cicero, 
including History, Chronology, Lexicons, and some account of various 
editions, mostly German, of the works of Cicero. The Introduction is 
based on Halm. : where Halm, gives a reference to a classic, the passage has 
been commonly printed at length ; where the reference is to Halm's notes 
on other Ciceronian speeches, or to modern books, the additional matter has 
been incorporated: and the numerous Greek quotations have been rendered 
into English. The English editor has further illustrated the work by 
additions drawn, for the most part, (i) from the ancient authorities ; (2) 
from his own private marginal references, and from collections ; (3) from 
the notes of previous commentators. A copious ' argument ' is also given. 

DEMOSTHENES ON THE CROWN, the Greek Text with 
English Notes. By B. Drake, M.A., late Fellow of King's 
College, Cambridge. Third Edition, to which is prefixed 
^SCHINES AGAINST CTESIPHON, with English Notes. 
Fcap. 8vo. t)S. 

An Introduction discusses the immediate causes of the two orations, and 
their general character. The Notes contain frequent references to the best 
authorities. Among the appendices at the end is a chronological table of 
the life and public career of Mschines and Demosthenes. 

Hodgson.— MYTHOLOGY FOR LATIN VERSIFICATION. 
A brief Sketch of the Fables of the Ancients, prepared to be 
rendered into Latin Verse for Schools. By F. Hodgson, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hodgson, 
M.A. i8mo. y. 
The late Provost of Eton has here supplied a help to the composition of 
Latin Verse, combined with a brief introduction to Classical Mythology. 

A 2 
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In this new edition a few mistakes have been rectified ; rules have been 
added to the Prosody ; and a more unifoi m system has been adopted with 
regard to the help afforded, 

JUVENAL FOR SCHOOLS. With English Notes. By J. E. B. 
Mayor, M.A. New and cheaper Edition. Crown 8vo. 

[In the Press. 

Marshall. — a table of irregular greek verbs, 

classified according to the arrangement of Curtius' Greek Grammar. 
By J. M. Marshall, M. A. , Fellow and late Lecturer of Brasenose 
College, Oxford ; one of the Masters in Clifton College. 8vo. 
cloth. \s. 
The system of this table has been borrowed from the excellent Greek ■ 
Grammar of Dr. Curtius. 

Mayor, John E. B.— FIRST GREEK READER. Edited 

after Karl Halm, with Corrections and large Additions by John 

E. B. Mayor, M.A. Fellow and Classical Lecturer of St. John's 

College, Cambridge. Fcap. 8vo. bs. ■ 

A selection of short passages, serving to illustrate especially the Greek 

Accidence. A good deal of syntax is incidentally taught, and Madvigand 

other books are cited, for the use of masters : but no learner is expected to 

know more of syntax than is contained in the Motes and Vocabulary, 

A prefcue " To the Reader,^' not only explains the aim and method oj 

the volume, but also deals with classical ifistruction generally. The 

extracts are uniformly in the Attic dialect, and any Hellenistic forms 

occurring in the original classic authors, suck as yElian and Polybius, 

have been discarded in farvour of the corresponding Attic expressions. 

This book may be used in connexion with Mayor's " Greek for Beginners." 

Mayor, Joseph B.— greek for beginners. By the 

Rev. J. B. Mayor, M.A. Fcap. 8vo. 4^. 6d. 

The distinctive method of this book consists in building up a boy's 

knowledge of Greek upon the foundation of his knowledge of Mnglish and 

Latin, instead of trusting everything to the unassisted m,emory. The 

forms and constructions of Greek have been thoroughly compared with 
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those of Latin, and no Greek words have been used in the earlier fart oj 
the book except such as have connexions either in English or Latin. Each 
step leads naturally on to its successor, grammatical forms and rules are 
at once applied in a series of graduated exercises, accompanied by a?nple 
vocabularies. Thus the book serves as Grammar, Exercise book, and 

Vocaiulary. Where possible, the Grammar has been simplified ; the 
ordinary ten declensioiu are reduced to three, which correspond to the 
first three in Latin ; and the system of stems is adopted. A general 

Vocabulary, and Index of Greek words, completes the work. 

Plato.— THE REPUBLIC OF PLATO. Translated into English, 

with an Analysis and Notes, by J. Ll. Davies, M. A., and D. J. 

Vaughan, M. A. Third Edition, with Vignette Portraits of Plato 

and Socrates, engraved by Jeens from an Antique Gem. i8mo. 

4f. dd. 

An introductory notice supplies some account of the life of Plato, and 

the translation is preceded by an elaborate analysis. " The translators 

have," in the judgment of the Saturday Review, " produced a book which 

any reader, whether acquainted with the original or not, can peruse with 

pleasure as well as profit." 

Plautus (Ramsay). — the mostellaria of plau- 

TUS. With Notes Critical and Explanatory, Prolegomena, and 

Excursus. By William Ramsay, M.A., formerly Professor of 

Humanity in the University of Glasgow. Edited by Professor 

George G. Ramsay, M.A., of the University of Glasgow. Svo. 

14J. 

" The fruits of that exhaustive research and that ripe and well-digested 

scholarship which its author brought to bear upon everything that he 

undertook are visible throughout it. It is furnished with a complete 

apparatus of prolegomena, notes, and excursus; and for the use of veteran 

scholars it probably leaves nothing to be desired." — Pall Mall Gazette. 

Roby. — A LATIN GRAMMAR for the Higher Classes in Grammar 
Schools. By H. J. Roby, M.A., based on the Elementary Latin 
Grammar. U«- ''": P"ss. 
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Sallust.— CAII SALLUSTII CRISPI CATILINA ET JUGUR- 
THA. For Use in Schools. With copious Notes. By C. 
Merivale, B.D. (In the present Edition the Notes have been 
carefully revised, and a few remarks and explanations added.) 
Second Edition. Fcap. 8vo. 4?. td. 

The JUGURTHA and the CATILINA may be had separately, price 
2.S. td. each. 
This edition of Sallust, prepared hy the distinguished historian of Rome, 
contains an introduction, concerning the Life and works of Sallust, lists 
of the Consuls, and elaborate notes. 

Tacitus.— THE HISTORY OF TACITUS TRANSLATED 

INTO ENGLISH. By A. J. Church, M.A., and W. J. 

Brodribb, M.A. With Notes and a Map. 8vo. loj. td. 

The translators have endeavoured to adhere as closely to the original as 

was thought consistent with a proper observance of English idiom. At 

the same time, it has been their aim to reproduce the precise expressions oj 

the author. The campaign of Civilis is elucidated in a note of some length, 

which is illustrated by a map, containing the names of places and of tribes 

occurring in the work. There is also a complete account of the Roman army 

as it was constituted in the time of Tacitus. This work is characterised 

by the Spectator as " a scholarly and faithful translation." 

THE AGRICOLA AND GERMANIA OF TACITUS. A Revised 
Text, English Notes, and Maps. By Alfred J. Church, M.A., 
and W. J. Brodribb, M.A. Fcap. 8vo. y. dd. 
" We have endeavoured, with the aid of recait editions, thoroughly to 
elucidate the text, explaining the various difficulties, critical and gramma- 
tical, which occur to the student. We have consulted throughout, besides 
the older commentators, the editions of Ritter and Orelli, but we are 
under special obligations to the labours of the recent German editors, Wex, 
and Kritz." Two Indexes are appended, (l) of Proper Names, (2) of 
Words and Phrases explained. 

THE AGRICOLA and GERMANIA may be had separately, price 
2.r. each. 
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Tacitus — continued. 

THE AGRICOLA AND GERMANIA. Translated Into English 
by A. J. Church, M.A., and W. J. Brodribb, M.A. With 
Maps and Notes. Extra fcap. 8vq. 2j. 6d. 

The translators have sought to produce such a version as may satisfy 
scholars who demand a faithful rendering of the original, and English 
readers who are offended by the baldness and frigidity which commonly 
disfigure translations. The treatises are accompanied by introductions, 
notes, maps, and a chronological summary. The Athenaeum says of this 
work that it is" a version at oncereadable and exact, which may be perused 
with pleasure by all, and consulted with advantage by the classical student." 

Thring. — a LATIN GRADUAL. A First Latin Construing 
Book for Beginners. By Edward Thring, M.A. Fcap. 8vo. 
■zs. 6d. 
The Head Master of Uppingham has here sought to supply by easy steps 
a knowledge of grammar, combined with a good Vocabulary. Passages 
have been selected from the best Latin authors in prose and verse. These 
passages are gradually built up in their grammatical structure, and 
finally printed in full. A short practical manual of common mood con- 
structions, with their English equivalents, forms a second part. 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap.Svo. \s.(,d. 
Treats of the ordinary mood constructions, as found in the Latin, Greek, 
and English languages. 

A CONSTRUING BOOK. Fcap. 8vo. 2s. 6d 

Thucydides. — THE SICILIAN EXPEDITION. Being Books 

VI. and VII. of Thucydides, with Notes. A New Edition, revised 

and enlarged, with a Map. By the Rev. Percival Frost, M. A., 

late Fellow of St. John's College, Cambridge. Fcap. Svo. Ss. 

This edition is mainly a grammatical one. Attention is called to the 

force of compound verbs, and the exact meaning of the various tenses 

employed. 
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Wright. — Works by T. WRIGHT, M.A., late Head Master of 
Sutton Coldfield School. 

HELLENICA ; OR, A HISTORY OF GREECE IN GREEK, as 
related by Diodorus and Thucydides ; being a First Greek Reading 
Book, . with explanatory Notes, Critical and Historical. Third 
Edition, with a Vocabulary. i2mo. y. (sd. 
In the last twenty chapters of this volume, Thucydides sketches the rise 
and progress of the Athenian Empire in so clear a style and in such simple 
language, that the editor has doubts whether any easier or m-ore instruc- 
tive passages can be, selected for the use of the pupil who is commencing 
Greek. This book includes a chronological table of the events recorded. 

A HELP TO LATIN GRAMMAR ; or. The Form and Use of Words 
in Latin, with Progressive Exercises. Crown 8vo. 4J. dd. 
This book is not intended as a rival to any oj the excellent Grammars 
now in use ; but as a help to enable the beginner to understand them. 

THE SEVEN KINGS OF ROME. An Easy Narrative, abridged 

from the First Book of Livy by the omission of Difficult Passages; 

being a First Latin Reading Book, with Grammatical Notes. 

With Vocabulary and Exercises. Second Edition. Sj. 

This work is intended to supply the pupil with an easy construing book, 

which may at the same time be made the vehicle for instructing him in the 

rules of grammar and principles of composition. The notes profess to 

teach what is cominonly taught in grammars. It is conceived that the 

pupil will learn the rules of construction of the language much more 

easily Jrom separate examples, which are pointed out to him in the course 

of his reading, and which he may himself set down in his note-book after 

some scheme of his own, than from a heap of quotations amassed for him 

by others. 

Or, separately, 

SEVEN KINGS OF ROME. ^s. 

VOCABULARY AND EXERCISES TO "THE SEVEN KINGS." 
IS. 6d. 
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CLASSIC VERSIONS OF ENGLISH BOOKS, 
AND LATIN HYMNS. 

The following works are, as the heading indicates, 
classic renderings of English books. For scholars, and 
particularly for writers of Latin Verse, the series has a 
special value. The Hymni Ecclesias are hefe inserted, as 
partly falling under the same class. 

Church and Kebbel. — HOR^ TENNYSONIAN^. Curan- 
tibus A. J. Church, A.M., T. E. Kebbel, A.M. \In the Press. 

Latham. — SERTUM SHAKSPERIANUM, Subnexis aliquot 

aliunde excerptis floribus. Latine reddidit Rev. H. Latham, M. A. 

Extra fcap. ovo. Jj. 

Besides versions of Shaksfeare this volume contains, among other fieces, 

Gray's "Elegy;'' Campbell's " Hohenlinden," Wolfe's " Burial of Sir 

John Moore" and selections from Ccrwper and George Herbert. 

Lyttelton. — THE COMUS OF MILTON, rendered into Greek 
Verse. By Lord Lyttelton. Extra fcap. 8vo. ds. 6d. 

THE SAMSON AGONISTES OF MILTON, rendered into Greek 
Verse. By Lord Lyttelton. Extra fcap. 8vo. 6s. 6d. 

Merivale. — KEATS' HYPERION, rendered into Latin Verse. 
By C. Merivale, B.D. Second Edit. Extra fcap. 8vo. y. dd. 

Hymni Ecclesiae. — Edited by Rev. Dr. Newman. Extra 
fcap. 8vo. Is. dd. 
Hymns of the Mediceval Church. The first Part contains selections 
from the Parisian Breviary ; the second from those of Rome, Salisbury, 
and York. 

Trench (Archbishop). — SACRED LATIN POETRY, 
chiefly Lyrical, selected and arranged for Use ; with Notes and 
Introduction. Fcap. 8vo. p. 
Jn this work the editor .has selected hymns of a catholic religious 

sentiment that are common to Christendom, while rejecting those of a 

distinctively Romish character. 



EDUCATIONAL BOOKS. 



MATHEMATICS. 



Airy. — Works by G. B. AIRY, Astronomer Royal :— 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. Crown 8vo. cloth. Sj. dd. 
It is hoped that the methods of solution here explained, and the instances 

exhibited, will be found sufficient for application to nearly all the important 

problems of Physical Science, which require for their complete investigation 

the aid of Partial Differential Equations. 

ON THE ALGEBRAICAL AND NUMERICAL THEORY OF 
ERRORS OF OBSERVATIONS AND THE COMBINA- 
TION OF OBSERVATIONS. Crown 8vo. cloth. 6s. 6d. 

In order to spare astronomers and observers in natural philosophy the 
confusion and loss of time which are prodttced by referring to the ordinary 
treatises embracing both branches of probabilities (the first relating to 
chances which can be altered only by the changes of entire units or in- 
tegral multiples of units in the fundamental conditions of the problem ; 
the other concerning those chances which have respect to ■ insensible grada- 
tions in the value of the element measured) the present tract has been drawn 
up. It relates only to errors of observation, and to the rules, derivable 
from the consideration of these errors, for the combination of the results 
of observations. 



MATHEMATICS. ii 

Airy, G. B. — continued. 

UNDULATORY THEORY OF OPTICS. Designed for the Use of 
Students in the University. New Edition. Crown 8vo. cloth. 

The undiUaiory theory of optics is presented to the reader as having the 
same claims to his attention as the theory of gravitation : namely, that it is 
certainly true, and that, by mathematical operations of general elegance, it 
leads to results of great interest. This theory explains with accuracy a 
vast variety of phenomena of the most complicated kind. The plan of this 
tract has been to include those phenomena only which admit of calculation, 
and the investigations are applied only to phenomena which actually have 
been observed. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With the 
Mathematical Elements of Music. Designed for the Use of Students 
of the University. Crown 8vo. gj. 
This volume consists of sections, which again are divided into numbered 
articles, on the following topics : General recognition of the air as the 
medium which conveys sound ; Properties of the air on which the forma- 
tion and transmission of sound depend ; Theory of undulations as applied 
to sound, &'c. ; Investigation of the motion of a wave of air through the 
atmosphere ; Transmission of waves of soniferous vibrations through dif- 
ferent gases, solids, and fluids ; Experiments on the velocity of sound, 
&'c. ; On musical sounds, and the manner of producing them ; On the 
elements of musical harmony and melody, and of simple musical composi- 
tion ; On instrumental music; On the human organs of speech and 
hearing. 

Bayma. — THE ELEMENTS OF MOLECULAR MECHA- 
NICS. By Joseph Bayma, S. J., Professor of Philosophy, 
Stonyhurst College. Demy 8vo. cloth. lot. dd. 
Of the twelve Books into which the present treatise is divided, the first 
and second give the demonstration of the principles which bear directly on 
the constitution and the properties of matter. The next three books contain 
a series of theorems and of problems on the laws of motion of elementary 
substances. In the sixth and seventh, the mechanical constitution of mole- 
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cules is investigated and determined : and by it the general properties of 
bodies are explained. The eighth book treats of luniiniferous cether. The 
ninth explains some special properties of bodies. The tenth and eleventh 
contain a radical and lengthy investigation of chemical principles and 
relations, which may lead to practical results of high importance. The 
twelfth and last book treats oj molecular masses, distances, and powers. 

Beasley.— AN ELEMENTARY TREATISE ON PLANE 

TRIGONOMETRY. With Examples. By R. D. Beasley, 

M. A., Head Master of Grantham Grammar School. Second 

Edition, revised and enlarged. Crown 8vo. cloth. 3J. dd. 

This treatise is specially intended for iise in schools. The choice of matter 

has been chiefly guided by the requirements of the three days' examination 

at Cambridge. About four hundred examples have been added to this edition, 

mainly collected from the examination papers of the last ten years. 

Boole.— Works by G. BOOLE, D.C.L., F.R.S., Professor of 
Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS. New and 

Revised Edition. Edited by I. ToDHUNTER. Crown 8vo. cloth. 

i+r. 

Professor Boole has endeavoured in this treatise to convey as complete an 

account of the present state of knowledge on the subject of Differential Mqtta- 

tions, as was consistent with the idea of a work intended, primarily, for 

elementary instruction. The earlier sections of each chapter contain that 

kind of matter which has ustially been thought suitable for the beginner, 

while the latter ones are devoted dther to an account of recent discovery, or 

the discussion of such deeper questions of principle as are likely to present 

themselves to the reflective student in connexion with the methods and 

■processes of his previous course. 

A TREATISE ON DIFFERENTIAL EQUATIONS. Supple- 
mentary Volume. Edited by I. Todhunter. Crown 8vo. cloth. 
8j. dd. 
This volfime contains all that Professor Boole wrote for the purpose of 
enlarging his treatise on Di§erential Equations. 
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Boole, G., D.C.L. — continued. 

THE CALCULUS OF FINITE DIFFERENCES. Crown 8vo. 
cloth. loj. dd. 
In this exposition of the Calculus of Finite Differences, particular attention 
has been paid to the connexion of its methods with those of the Differential 
Calculus — a connexion which in some instances involves far more than a 
merely formal analogy. The work is in some measure designed as a 
sequel to Professor Boolis Treatise on Differential Equations. 

CAMBRIDGE SENATE-HOUSE PROBLEMS AND RIDERS, 

WITH SOLUTIONS :— 

1848-1851.— PROBLEMS. By Ferrers and Jackson. 8vo. 
cloth. 15 J. dd. 

1848-1851.— RIDERS. By Jameson. 8vo. cloth, 'js.dd. 

1854. — PROBLEMS AND RIDERS. By Walton and 
Mackenzie. 8vo. cloth, los. 6d. 

1857. — PROBLEMS AND RIDERS. By Campion and 
Walton. . 8vo. cloth. 8j. 6d. 

i860.— PROBLEMS AND RIDERS. By Watson and Routh. 
Crown 8vo. cloth. 7'''- ^'^^ 

1864.— PROBLEMS AND RIDERS. By Walton and Wil- 
kinson. 8vo. cloth. 10s. 6d. 
These volumes will be found of great value to Teachers and Students, as 
indicating the style and range of mathematical study in the University of 



CAMBRIDGE COURSE OF ELEMENTARY NATURAL 
PHILOSOPHY, for the Degree of B.A. Originally compiled by 
J. C. Snowball, M.A., late Fellow of St. John's College. 
Fifth Edition, revised and enlarged, and adapted for the Middle- 
Class Examinations by THOMAS Lund, B.D., Late Fellow and 
Lecturer of St. John's College, Editor of Wood's Algebra, &c. 
Crown 8vo. cloth. 5^. 
This work will be found adapted to the wants, not only of University 

Students, but also of many others who require a short course of Mechanics 
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and Hydrostatics, and especially of the candidates at our Middle Class 
Examinations. At the end of each chapter u series of easy questions is 
added for the exercise of the student. 

CAMBRIDGE AND DUBLIN MATHEMATICAL JOURNAL. 
The Complete Work, in Nine Vols. 8vo. cloth, ^l. ^r. 

Only a few copies remain on hand. Among Contributors to this 
work will he found Sir W. Thomson, Stokes, Adams, Boole, Sir W. R. 
Hamilton, De Morgan, Cayley, Sylvester, Jellett, and other distinguished 
fjiathematicians. 



Candler.— HELP TO ARITHMETIC. Designed for the use of 
Schools. By H. Candler, M.A. Mathematical Master of 
Uppingham School. Extra fcap. 8vo. 2s. dd. 

This work Js intended as a companion to any text book that may be 
in use. 

Cheyne. — an elementary treatise on the 

PLANETARY THEORY. With a Collection of Problems. 
By C. H. H. Cheyne, B.A. Crown 8vo. cloth. 6j. dd. 

In this volume, an attempt has been made to produce a treatise on the 
Planetary theory, which, being elementary in character, should be so far 
complete, as to contain all that is usually required by students in the 
University of Cambridge. 

THE EARTH'S MOTION OF ROTATION. By C. H. H. 
Cheyne, M.A. Crown Svo. ^s. dd. 

The first part of this work consists of an application of the method of the 
variation of elements to the general problem of rotation. In the second 
part the general rotation formula are applied to the particular case of 
the earth. 



MATHEMATICS. 15 

Childe. — THE SINGULAR PROPERTIES OF THE ELLIP- 
SOID AND ASSOCIATED SURFACES OF THE Nth 
DEGREE. By the Rev. G. F. Childe, M.A., Author of 
"Ray Surfaces," "Related Caustics," &c. 8vo. \os. dd. 

The object oj this volume is to develop peculiarities in the Ellipsoid ; 
and, further, to establish analagous properties in the unlimited congeneric 
series of which this remarkable surface is a constituent. 

Christie.— A COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHEMATICS ; 
with Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Horner's Method. By James 
R. Christie, F.R.S., late First Mathematical Master at the 
Royal Military Academy, Woolwich. Crown 8vo. cloth. 8j-. dd. 
The series of Mathematical exercises here offered to the public is collected 
from those which the author has, from lime to time, proposed for solution 
by his pipils during a long career at the Royal Military Academy. A 
student who finds that he is able to solve the larger portion of these exercises, 
may consider that he is thorotighly well grounded in the elementary prin- 
ciples of pure and fnixed Mathematics. 

Dalton.— ARITHMETICAL EXAMPLES. Progressively 
arranged, with Exercises and Examination Papers. By the Rev. 
T. Dai.ton, M.A., Assistant Master of Eton College. iSmo. 
cloth. 2j. 6d. 
Answers to the Examples are appended. 

Day.— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. PART I„ THE ELLIPSE, with 
Problems. By the Rev. H. G. Day, M.A., Head Master of 
Sedburgh Grammar School. Crown Svo. 3^. M. 
The object of this book is the introduction of a treatment of Conic 
Sections which should be simple and natural, and lead by an easy transi- 
tion to the analytical methods, without departing from the strict geometry 
of Euclid. 
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Dodgson. — AN ELEMENTARY TREATISE ON DETER- 
MINANTS, with their Application to Simultaneous Linear 
Equations and Algebraical Geometry. By Charles L. Dodgson, 
M.A., Student and Mathematical Lecturer of Christ Church, 
Oxford, Small 4to. cloth. lOr. dd. 
The object of the author is to present the subject as acontinuous chain of 

argument, separated from all accessories of explanation or illustration. 

All such explanation and illustration as seemed necessary for a beginner, 

are introduced either in the form of foot-notes, or, where that would have 

occupied too much room, of Appendices. 

Drew.— GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drew, M.A., St. John's College, Cambridge. 
Third Edition. Crown 8vo. cloth. 4J. ^d. 
In this work the subject of Conic Sections has been placed before the student 
■ in such a form that, it is hoped, after mastering the elements of Euclid, he 
may find it an easy and interesting continuation of his geometrical studies. 
With a view, also, of rendering the work a complete manual of what is 
required at the Universities, there have either been embodied into the text or 
inserted among the examples, every book-work question, problem, and rider, 
which has been proiosed in the Cambridge examinations up to the present 
time. 

SOLUTIONS TO THE PROBLEMS IN DREW'S CONIC 
SECTIONS. Crown 8vo. cloth. 4?. (>d. 

Ferrers. — AN ELEMENTARY TREATISE ON TRILINEAR 
CO-ORDINATES, the Method of Reciprocal Polars, and the 
Theory of Projectors. By the Rev. N. M. FERRERS, M. A., Fellow 
and Tutor of Gonville and Caius College, Cambridge. Second 
Edition. Crown 8vo. 6j. dd. 

The object of the author in writing on this subject has mainly been to 
place it on a basis altogether independent of the ordinary Cartesian system, 
instead of regarding it as only a special form of Abridged Notation. 
A short chapter on Determinants has been introduced. 
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Frost.— THE FIRST THREE SECTIONS OF NEWTON'S 
PRINCIPIA. With Notes and Illustrations. Also a collection ot 
Problems, principally intended as Examples of Newton's Methods. 
By Percival Frost, M.A., late Fellow of St. John's College, 
Mathematical Lecturer of King's College, Cambridge. Second 
Edition. 8vo. cloth. lar. td. 

The author's principal intention is to explain difficulties which may be 
encountered by the student on first reading the Principia, and to illustrate 
the advantages of a careful study of the methods employed by Nev.ltn, by 
showing the extent to which they may be applied in the solution of problems ; 
he has also endeavoured to give assistance to the student who is engaged in 
the study of the higher branches of mathematics, by representing in a 
geometrical form several of the processes employed in the Differential and 
Integral Calculus, and in the analytical investigations of Dynamics. 

Frost and Wolstenholme. — a TREATISE ON SOLID 
GEOMETRY. By Percival Frost, M.A., and the Rev. J. 
Wolstenholme, M.A., Fellow and Assistant Tutor of Christ's- 
College. 8vo. cloth. i8j. 

The authors have endeavoured to present before students as comprehensive- 
a view of the subject as possible. Intending to make the subject accessible, 
at least in the earlier portion, to all classes of students, they have endea- 
voured to- explain completely all the processes which are most useful in 
dealing with ordinary theorems and problems, thus directing the student 
to the selection of methods which are best adapted to the exigencies of each 
problem. In the more difficult portions of the subject, they have considered 
themselves to be addressing a higher class of students ; and they have there 
tried to lay a good foundation on which to build, if any reader should 
wish to pursue the science beyond the limits to which the work extends, 

Godfray.— A TREATISE ON ASTRONOMY, for the Use ot 
Colleges and Schools. By Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 8vo. cloth, izs. 6d. 

This book embraces all those branches of Astronomy which have, from 
time to time, been recommended by the Cambridge Board of Mathematical 

B 
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Godfray, Hugh — continued. 

Studies : but iy far the larger and easier portion, adapted to the first three 
days of the Examination for Honours, may be read by the more 
advanced pupils in many of our schools. The author's aim has been to 
convey clear and distinct ideas of the celestial phenomena. 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to the time of Newton. 
By Hugh Godfray, M.A. Second Edition, revised. Crown 
8vo. cloth. 5j. dd. 

These pages will, it is hoped, form an introduction to more recondite 
works. Difficulties have been discussed at considerable length. The 
selection of the method followed with regard to analytical solutions, 
which is the same as that of Airy, Herschel, dt'c. was made on account 
of its simplicity ; it is, moreover, the method which has obtained in the 
University of Cambridge. 

Hemming. — an elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use' of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, with 
Corrections and Additions. 8vo. cloth, gj. 

Jones and Cheyne.— ALGEBRAICAL EXERCISES. Pro- 
gressively arranged. By the Rev. C. A. JONES, M.A., and C. H. 
Cheyne, M.A., Mathematical Masters of Westminster School. 
New Edition. i8mo. cloth, zs. kd. 
This little book is intended to meet a difficulty which is probably felt more 
or less by all engaged in teaching Algebra to beginners. It is, that while 
new ideas are being acquired, old ones are forgotten. In the belief that 
constant practice is the only remedy for this, the present series of miscel- 
laneous exercises has been prepared. Their peculiarity consists in this, 
that though miscellaneous they are yet progressive, and may be used by 
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the pupil almost from the commencement of his studies. They are not 
intended to supersede the systematically arranged examples to be found in 
ordinary treatises on Algebra, but rather to supplement them. 

The book being intended chiefly for Schools and Junior Students, the 
higher parts of Algebra have not been included. 

Kitchener.— A GEOMETRICAL NOTE-BOOK, containing 

Easy Problems in Geometrical Drawing preparatory to the Study 

of Geometry. For the Use of Schools. By F. E. Kitchener, 

M. A., Mathematical Master at Rugby. 4to. zs. 

It is the object of this book to make sovie way in overcoming the difficulties 

of Geometrical conception, before the mind is called to the attack of 

Geometrical theorems. A few simple methods of construction are given ; 

and space is left on each page, in order that the learner may draw in the 

figures. 

Morgan. — a COLLECTION OF PROBLEMS AND EXAM- 
PLES IN MATHEMATICS. With Answers. By H. A. 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown 8vo. cloth. 6j-. 61/. 
This book contains a number of problems, chiefly elementary, in the 
Mathematical subjects usually read at Cambridge. They have been 
selected from the papers set during late years at Jesus College. Very few 
of them are to be met with in other collections, and by far the larger 
number are due to some oj the most distinguished Mathematicians in the 
University. 

Parkinson. — Works byS. Parkinson, B.D., FeUow and Prse- 

lector of St. John's College, Cambridge. 
AN ELEMENTARY TREATISE ON MECHANICS. For the 

Use of the Junior Classes at the University and the Higher Classes 

in Schools. With a Collection of Examples. Fourth edition, revised. 

Crown 8vo. cloth, gj. (>d. 
In preparing a fourth edition of this work the author has kept the same 
object in view as he had in the former editions — namely, to include in it 
such portions of Theoretical Mechanics as can be conveniently investigated 

B 2 
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Parkinson, S. — continued. 

without the use of the Differential Calculus, and so render it suitable as 
a manual for the junior classes in the University and the higher classes 
in Schools. With one or two short exceptions, the student is not presumed 
to require a knowledge of any branches of Mathematics beyond the elements 
of Algebra, Geometry, and Trigonometry. Several additional propositions 
have been 'incorporated in the work for the purpose of rendering it more 
complete; and the collection of Examples and Problems has been largely 
increased', 

A TREATISE ON OPTICS. Second Edition, revised. Crown 8vo. 
cloth, los. 6d. 
A collection of examples and problems has been appended to this work, 
which are sufficiently numerous and varied tn character to afford useful 
exercise for the student. For the greater part of them, recourse has been 
had to the Examination Papers set in the University and the several 
Colleges during the last twenty years. 

Phear. — elementary hydrostatics, with Numerous 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. Fourth Edition. Crown 
8vo. cloth. 5j. dd. 

This edition has been carefully revised throughout, and many new 
illicstrcUions and examples added, which it is hoped will increase its 
usefulness to students at the Universities and in Schools. In accordance 
with suggestions from many engaged in tuition, answers to all the 
Examples have been given at the.end of the book. 

Pratt. — A TREATISE ON ATTRACTIONS, LAPLACE'S 

FUNCTIONS, AND THE FIGURE OF THE EARTH. 

By John H. Pratt, M.A., Archdeacon of Calcutta, Author of 

" The Mathematical Principles of Mechanical Philosophy." Third 

Edition. Crown 8vo. cloth. (>s. dd. 

The author's chief design in this treatise is to give an answer to the 

question, " Has the Earth acquired its present form from being originally 

in a fluid state ! " This Edition is a complete revision of the former ones. 
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Puckle. — AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. Puckle, M.A., Head Master of 
Windermere College. Third Edition, revised and enlarged. Crown 
8vo. cloth, is. dd. 
This work has been completely rewritten, and a large amount of new 
matter has been added to suit the requirements oj the present time. The 
author has written with special reference to those difficulties and mis- 
apprehensions which are found most common to beginners. The treatise is 
complete as far as regards Cartesian Co-ordinates. 

Rawlinson.— ELEMENTARY STATICS, by the Rev. George 

Rawlinson, M. a. Edited by the Rev. Edward Sturges, M. A. , 

of Emmanuel College, Cambridge, and late Professor of the Applied 

Sciences, Elphinstone College, Bombay. Crown 8vo. cloth. 4J. 6d. 

Published under the authority of Her Majesty's Secretary of State for 

India, for use in the Government Schools and Colleges in India. 

Reynolds.— MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College* Crown 8vo. . is. dd. 
Geometry has received extensive developments in modern times, but in 

England there has been no corresponding improvement in elementary 

teaching. 

Routh.— AN ELEMENTARY TREATISE ON THE DYNA- 
MICS OF THE SYSTEM OF RIGID BODIES. With 
Numerous Examples. By Edward John Routh, M.A., late 
FeUow and Assistant Tutor of St. Peter's College, Cambridge; 
Examiner in the University of London. Second Edition, enlarged. 
Crown 8vo. cloth. 14J. 
In this edition the author has made several additions to each chapter. 

He has tried, even at the risk of some little repetition, to make each 



EDUCATIONAL BOOKS. 



chapter, as far as possible, complete in itself, so that all that relates to any 
one part of the subject ma^ befoiind in the same place. This arrangement 
will enable every student to select his own order in which to read the 
subject. The Examples which will be found at the end of each chapter 
have been chiefly selected from the Examination Papers which have been 
set in the University and the Colleges in the last few years. 



Smith (Barnard). — Works by BARNARD SMITH, M.A., 
Rector of Glaston, Rutlandshire, late Fellow and Senior Bursar 
of St. Peter's College, Cambridge. 



ARITHMETIC AND ALGEBRA, in their Principles and Applica- 
tion ; with numerous systematically arranged Examples taken from 
the Cambridge Examination Papers, with especial reference to the 
Ordinary Examination for the B. A. Degree. Tenth Edition. 
Crown 8vo. cloth. loj. M. 

This manual is now extensively used in Schools and Colleges, both in 
England and in the Colonies. It has also been found of great service for 
stfidents preparing for the Middle Class and Civil and Military Service 
Examinations, from the care that has beeik taken to elucidate the principles 
of all the rules. The present edition lias been carefully revised. " To 
all those whose minds are sufficiently developed to comprehend the simplest 
mathematical reasoning, and who have not yet thoroughly mastered the 
principles of Arithmetic and Algebra, it is calculated to be of great 
advantage. " — Athen/ehm. 

Of this work, also, one of the highest possible authorities, the late Dean 
Peacock, writes: "Mr. Smith's work is a most useful publication. The 
rules are stated with great clearness. The examples are well selected, and 
worked out with just sufficient detail, without being encumbered by too 
mimite explanations ; and there prevails throughout it that just proportion 
of theory and practice, which- is the crmoniHg excellence of an elementary 
■work'''.. . ..... 
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Smith, Barnard — continued. 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 8vo. 
cloth. 4^. dd. 

Adapted from the authoi's work on "Arithmetic and Algebra,^' by the 
omission of the algebraic portion, and by the introduction of new exercises. 
The reason of each arithmetical process is fully exhibited. The system of 
Decimal Coinage is explained ; and answers to the exercises are appended 
at the end. This Arithmetic is characterised as " admirably adapted for 
iiulruction, combining just sufficient theory with a large and well-selected 
collection of exercises for practice." — ^Journal of Education. 

COMPANION TO ARITHMETIC FOR SCHOOLS. 

[Preparing. 

A KEY TO THE ARITHMETIC FOR SCHOOLS. Seventh 

Edition. Crown 8vo. cloth, is. (>d. 

EXERCISES IN ARITHMETIC. With Answers. Crown 8vo. limp 
cloth. 2J-. td. 

Or sold separately, Part I. is. ; Part 11. is. ; Answers, 6d. 

These Exercises have been published in order to give the pupil examples 
in every rule of Arithmetic. The greater number have been carefully 
compiled from the latest University and School Examination Papers. 

SCHOOL CLASS-BOOK OF ARITHMETIC. iSmo. cloth. 3.f. 

Or sold separately, Parts I. and II. lod. each ; Part III. is. 

This manual, published at the request of many schoolmasters, and 
chiefly intended for National and Elementary Schools, has been prepared 
on the same plan as that adopted in the author's School Arithmetic, which 
is in extensive circulation in England and abroad. The Metrical Tables 
have been introduced, from the conviction on the part of the author, that 
the knmvledge op such tables, and the mode oj applying them, will be of 
great use to the rising generation. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. Com- 
plete in one volume, i8mo. cloth, 6j. dd. ; or Parts I. II. and III. 
2s. ()d. each. 
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Smith, Barnard — continued. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL AND 
ELEMENTARY SCHOOLS. i8mo. cloth. Or separately, 
Part I. 2d. ; Part II. ■^d. ; Part III. ■jd. Answers, 6d. 

THE SAME, with Answers complete. i8mo. cloth, is. 6d. 

This Shilling Book of Arithmetic has been prepared for the iise of 
National and other schools at the urgent request of numerous masters of 
schools both at home and abroad. The Explanations of the Rules, and 
the Examples will, it is hoped, be found suited to the most elementary 
classes. 

XEY TO SHILLING BOOK OF ARITHMETIC. i8mo. cloth. 
4f. 6d. 

EXAMINATION PAPERS IN ARITHMETIC. i8mo. cloth. 
I J. dd. The same, with Answers, i8mo. is. gd. 

The object of these Examination Papers is to test students both in the 
theory and practice of Arithmetic. It is hoped that the method adopted 
•will lead students to deduce results from general principles rather than 
to apply stated rules. The author believes that the practice of giving 
examples under particular rules makes the working of Arithmetic quite 
mechanical, and tends to throw all but very clever boys off their balance 
when a general paper on the subject zs put before them. 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
l8mo. cloth. 4^. bd. 

Smith (J. H.).— Works by J. H. Smith, M.A., Gonville and 
Caius College, Cambridge. 

A TREATISE ON ELEMENTARY STATICS. Second Edition. 
8vo. Sj. (>d. 

This treatise is intended to give a simple explanation of the part of Statics 
required in the previous examination and the second examination for ordi- 
nary degrees in the University of Cambridge. The examples have been 
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Smith, J. H. — continued. 

selected from papers set in University Examinations. In this edition some 
explanations of the elementary definitions have been added; and a new and 
simple proof of the first part of the " Parallelogram- of Forces," a new 
introduction to the Principle of Moments, and a short account of Friction 
have been inserted. 

A TREATISE ON ELEMENTARY HYDROSTATICS. 8vo. 
4r. (>d. 
An explanation of the subject of Elementary Hydrostatics as required 
in the general examination for ordinary degrees at Cambridge. The 
Examples given at the end of the book are taken from Papers set in the 
University Examinations. 

A TREATISE ON ELEMENTARY TRIGONOMETRY. 8vo. 5^. 
This work treats of the elementary parts of Trigonometry, as required 
of the Candidates for Honours in the previous examination. 

A TREATISE ON ELEMENTARY ALGEBRA. For the Use ot 
Colleges and Schools. Crown 8vo. cloth. 6j-. dd. 

The object of this treatise is to explain those parts of Algebra which 
precede the Binomial Theorem. The Author has carefully abstained from 
making extracts from works on the subject in common use. He has written 
at considerable length on the subject of Factors and Fractions, because those 
branches of the subject present great difficulties to beginners. The rule has 
been never to evade a difficulty. The Examples are progressive, easy, and 
to a great extent original. Some have been selected from the Senate House 
Papers of the last three years, and a few from old English, French, or 
German works. 

Snowball.— THE elements of plane and spheri- 
cal TRIGONOMETRY; with the Construction and Use of 
Tables of Logarithms. By J. C. Snowball, M.A. Tenth Edition. 
Crown Svo. cloth. "Js. dd. 
In preparing the present edition for the press, the text has been 

subjected to a careful revision ; the proofs of some of the more impor- 
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tant propositions have been rendered more strict and general ; and a 
considerable addition of more than two hundred examples, taken princi- 
pally from the questions set of late years in the public examinations of the 
University and of individual Colleges, has been made to the collection of 
Examples and Problems for practice. 



Tait and Steele.— DYNAMICS OF A particle. With 

numerous Examples. By Professor Tait and Mr. Steele. New 
Edition. Crown 8vo. cloth, lo,'. dd. 

In this treatise will be Jound all the ordinary propositions, connected 
with the Dynamics ofPaiiicles, which can be conveniently deduced without 
the use of JO'Alembert's Principle. Throughout the book will be found a 
number of illustrative examples introduced in the text, and for the most 
part completely worked out ; others with occasional solutions or hints tq 
■ assist the student are appended to each chapter. For by far the greater 
portion of these, the Cambridge Senaie-House and College Examination 
Papers have been atplied to. 

Taylor. — GEOMETRICAL CONICS; including Anharmonic 
Ratio and Projection, with numerous Examples. By C. Taylor, 
B.A., Scholar of St. John's College, Cambridge. Crown 8vo. clotli. 
7^. dd. 

Thiswork contains elementary proofs of the principal properties of Conic 
Sections, together with chapters on Projection and Anharmonic Patio. 

Tebay.— ELEMENTARY MENSURATION FOR SCHOOLS. 
With numerous Examples. By Septimus Tebay, B.A., Head 
Master of Queen Elizabeth's Grammar School, Rivington. Extra ■ 
fcap. 8vo. 3 J. (>d. . 

The object of the present work is to enable boys to acquire a moderate 
knowledge of Mensuration in a reasonable time. All difficult and useless 
matter has been avoided. The examples for the most part are easy, and 
the rules are concise. 
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Todhunter. — Works by I. TODHUNTER, M.A., F.R.S., 
of St. John's College, Cambridge. 

THE ELEMENTS OF EUCLID. For the Use of Colleges and 
Schools. New Edition. i8mo. cloth. 3^. dd. 

As the elements of Euclid are usually placed in the hands of young 
students, it is important to exhibit the work in such a form as will assist 
them in overcoming the difficulties which they experience on their first in- 
troduction to processes of continuous argument. No method appears to be 
so useful as that of breaking up the demotistrations into their constituent 
parts ; a plait strongly recommended by Professor De Morgan. In the;, 
present Edition each distinct assertion in the argument begins a new line ; 
and at the ends of the lines are placed the necessary references to the 
preceding principles on which the assertions depend. The longer proposi- 
tions are distributed into subordinate parts, which are distinguished by 
breaks at the beginning of the lints. Notes, appendix, and a collection of 
exercises are added. 



MENSURATION FOR BEGINNERS. With Numerous Examples. 
i8mo. cloth. 2J-. (>d. 

The subjects included in the present work are those which have usually 
found a place in Elementary Treatises on Mensuration. The mode of 
treatment has been determined by the fact that the work is intended for the 
use of beginners. Accordingly it is divided into short independent chapters, 
which are followed by appropriate examples, A knowledge of the elements 
of Arithmetic is all that is assumed; and in connection with most of the 
Rules of Mensuration it has been found practicable to give such explana- 
tions and illustrations as will Supply the place of formal mathematical 
demonstrations, which would have been unsuitable to the character of the 
work. 

ALGEBRA FOR BEGINNERS. With numerous Examples. New 
Edition. l8mo. cloth. 2s. 6d. 

Great pains have been taken to render this work intelligible to young 
students, bythe use of simple language and by copious explanations. In 
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Todhunter, I. — continued. 

determining the subjects to be included and the space to be asdgned to each, 
the Author has been guided by the papers given at the various examinations 
in elementary Algebra which are now carried on in this country. The 
book may be' said to consist of three parts. The first part contains the 
elementary operations in integral and fractional expressions ; the second 
the solution of equations and problems ; the third treats of various subjects 
which are introduced but rarely into examination papers, and are more 
briefly discussed. Provision has at the same time been made for the 
introduction oj easy equations and problems at an early stage^for those 
^x}ho prefer such a course. 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. cloth. 
6j. dd. 

TRIGONOMETRY FOR BEGINNERS. With numerous Examples. 
New Edition. iSmo. cloth. 2J-. 6</. 

Intended to serve as an introduction to the larger treatise on Plane 
Trigonometry, published by the Author. The same plan has been adopted 
as in the Algebra for Beginners : the subject is discussed in short chapters, 
■and a collection of examples is attached to each chapter. The first Jourteeti 
■chapters present the geometrical part of Plane Trigonometry ; and contain 
-all that is necessary for practical purposes. The range of matter included 
is such as seems required by the various examinations in elementary Tri- 
gonometry which are now carried on in the country . Answers are appended 
at the end. 

MECHANICS FOR BEGINNERS. With numerous Examples. 
i8mo. cloth. 4J. 6d. 

Intended as a companion to the two preceding books. The work forms 
an elementary treatise on demonstrative mechanics. It may be true that 
this part of mixed mathematics has been sometimes made too abstract and 
speculative; but it can hardly be doubted that a htowledge of the elements 
at hast of the 'theory of the subject is extremely valuable even for those' 
who are mainly concerned with practical results. The Author has accord- 
ingly endeavoured to provide a suitable introduction to the study of applied 
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Todhunter, I. — continued. 

as well as of theoretical mechanics. The work consists of two parts, 
namely. Statics and Dynamics. It will be found to contain all thai is 
usually comprised in elementary treatises on Mechanics, together with some 
additions. 

ALGEBRA. For the Use of Colleges and Schools. Fourth Edition. 
Crown 8vo. cloth. 7J-. 6d. 
This work contains all the propositions which are usually included in 
elementary treatises on Algebra, and a large number of Examples for 
Exercise. The author has sought to render the work easily intelligible to 
students, without impairing the accuracy of the demonstrations, or con- 
tracting the limits of the subject. The Examples, about Sixteen hundred 
and fifty in number, have been selected with a viero) to illustrate every part 
of the subfect. Each chapter is complete in itself; and the work will be 
found peculiarly adapted to the wants of students who are without the aid 
of a teacher. The Answers to the examples, with hints for the solution of 
some in which assistance may be needed, are given at the end of the book. 

AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS. Second Edition, revised. Crown 8vo. cloth. 
7^. bd. 
This treatise contains all the propositions which are usually included 
in elementary treatises on the theory of Equations, together with Examples 
for exercise. These have been selected from the College and University 
Examination Papers, and the results have been given when it appeared 
necessary. In order to exhibit a comprehensive view of the subject, the 
treatise includes investigations which are not found in all the preceding 
elementary treatises, and also some investigations which are not to be found 
in any of them. For the second edition the work has been revised and 
some additions have been made, the most important being an account of 
the researches of Professor Sylvester respecting Newtofi s Rule. 

PLANE TRIGONOMETRY. For Schools and Colleges. Third 
E'dition. Crown 8vo. cloth, sj. 
The design of this work has been to render the subject intelligible to 
beginners, and at the same time to afford the student the opportunity of 
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obtaining all the information which he will require on this branch of 
Mathematics. Each chapter is followed by a set of Examples : those 
which are entitled Miscellaneous Examples, together with a few in some 
of the other sets, may be advantageously reserved by the student for exercise 
after he has made some progress in the subject. In the Second Edition 
the hints for the solution of the Examples have been considerably increased. 

A TREATISE ON SPHERICAL TRIGONOMETRY. Second 
Edition, enlarged. Crown 8vo. cloth. 4J. ()d. 
The present work is constructed on the same plan as the treatise on 
Plane Trigonometry, to which it is intended as a sequel. In the account 
of Napier's Rules of Circular Parts, an explanation has been given of a 
method of proof devised by Napier, which seems to have been overlooked 
by most modern writers on the subject. Considerable labour has been 
bestowed on the text in order to render it comprehensive and accurrate, and 
the Examples {selected chiefly from College Examination Papers) have 
all been carefully verified. 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. Fourth 
Edition, revised and enlarged. Crown 8vo. cloth, "js. 6d. 
The Author has here endeavoured to exhibit the subject in a simple 
manner for the benefit of beginners, and at the same time to include in one 
volume all that students usually require. In addition, therefore, to the 
propositions which have always appeared in such treatises, he has intro- 
duced the methods of abridged notation, which are of more rece7it origin ; 
these methods, which are of a less elementary character thati the rest of the 
work, are placed in separate chapters, and may be ommitted by the student 
at first. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
numerous Examples. Fourth Edition. Crown 8vo. cloth. lOf. 6a'. 
The Author has endeavoured in the present work to exhibit a compre- 
hensive view of the Differential Calculus on the method of limits. In the 
more elementary portions he has entered into considerable detail in the 
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Todhunter, \. ^continued. 

explanations, with the hope that a reader who is without the assistance of a 
tutor may be enabled to acquire a competent acquaintance with the subject. 
The method adopted is that of Differential Coefficients. To the different 
•chapters are appended examples sufficiently numerous to render another 
book unnecessary ; these examples being mostly selected from College Ex- 
a,mination Papers. 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. Third Edition, 
revised and enlarged. Crown 8vo. cloth. lar. 6d. 

This is designed as a work at once elementary and complete, adapted 
for the use of beginners, and sufficient for the wants of advanced students. 
In the selection of the propositions, and in the mode of establishing them, 
it has been sought to exhibit the principles clearly, and to illustrate 
all their most important results. The process of summation has been 
repeatedly brought forward, with the view of securing the attention of 
the student to the jiotions which form the true foundation of the Calculus 
itself, as well as of its most valuable applications. Every attempt has been 
made to explain those difficulties which usually perplex beginners, especially 
with reference to the limits of integrations. A new method has been adopted 
in regard to the transformation of multiple integrals. The last chapter 
deals with the Calculus of Variations. A large collection of exercises, 
selected from College Examination Papers, has beeti appended to the several 
chapters. 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. Second Edition, revised. Crown 8vo. cloth. 4f. 

A TREATISE ON ANALYTICAL STATICS. Witli numerous 

Examples. Third Edition, revised and enlarged. Crown 8vo. 

cloth. loj. dd. 

In this work on statics [treating of the laws of the equilibrium of bodies') 

will be found all the propositions which usually appear in treatises on 

Theoretical Statics. To the different chapters examples are appended, 

which have been principally selected from University Examination Papers. 
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In the Third Edition many additions have been made, in order to illus- 
trate the application of the principles ofi the subject to the solution of 
problems. 

Wilson, J. M ELEMENTARY GEOMETRY. Angles, 

Parallels, Triangles, and Equivalent Figures, the Circle and Pro- 
portion. By J. M. Wilson, M.A., Fellow of St. John's 
College, Cambridge, and Mathematical Master in Rugby School. 
Extra fcap. 8vo. 3J. dd. 

" It is an actual substitute for the first two books of Euclid, in which 
many of his propositions are drawn out from- the conception of straightness, 
parallelism, angles, with wonderful ease and simplicity, and the methods 
employed have the great merit of suggesting a ready application to the 
solution of fresh problems." — Guardian. 

ELEMENTARY GEOMETRY. PART II. (separately). The 
Circle and Proportion. By J. M. Wilson, M.A. Extra fcap. 
8vo. 2j. dd. 

Wilson (W. P.) — A TREATISE ON DYNAMICS. By 
W. P. Wilson, M.A., Fellow of St. John's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast. 8vo. 
<js. bd. 

Wolstenholme. — A BOOK OF MATHEMATICAL 
PROBLEMS, on Subjects included in the Cambridge Course. 
By Joseph Wolstenholme, Fellow of Christ's College, some- 
time Fellow of St. John's College, and lately Lecturer in Mathe- 
matics at Christ's College. Crown Svo. cloth. 8j. 6a?. 

Contents: — Geometry [Euclid) — Algebra — Plane Trigonometry — 
Geometrical Conic Sections — Analytical Conic Sections — Theory of Equa- 
tions — Differential Calculus — Integral Calculus — Solid Geometry — Statics 
— Elementary Dynamics — Nexoton— Dynamics of a Point — Dynamics of 
a Rigid Body — Hydrostatics — Geometrical Optics — Spherical Trigonometry 
and Plane Astronomy. 
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SCIENCE. 

The importance of Science as an element of sound educa- 
tion is now generally acknowledged j and accordingly it 
is obtaining a prominent place in the ordinary course of 
school instruction. It is the intention of the Publishers to 
produce a complete series of Scientific Manuals, affording 
full and accurate elementary information, conveyed in clear 
and lucid English. The authors are well known as among 
the foremost men of their several departments ; and their 
names form a ready guarantee for the high character of the 
books. Subjoined is a list of those manuals that have 
already appeared, with a short account of each. Others 
are in active preparation \ and the whole will constitute a 
standard series specially adapted to the requirements of be- 
ginners, whether for private study or for school instruction. 

ASTRONOMY, by the Astronomer Royal. 

POPULAR ASTRONOMY. With lUustrations. By G. B. 
Airy, Astronomer Royal. Sixth and cheaper Edition. i8mo. 
cloth. 4J-. dd. 

This work consists of six lectures, which^ are intended " to explain to 
intelligent persons the principles on which thi instruments of an Observa- 
tory are constructed {omitting all details, so far as they are merely sub-- 

C 
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sidimy), and the principles on which the observations made with these 
instruments are treated for deduction of the distances and weights of the 
bodies of the Solar System, and of a few stars, omitting all minuti<2 of 
formulcB, and all troublesome details of calculation^ The speciality of this 
volume is the direct reference of every step to the Observatory, and the full 
description of the methods and instruments of observation. 

ASTRONOMY, 

MR. LOCKYER'S ELEMENTARY LESSONS IN ASTRO- 
NOMY. With Coloured Diagram of the Spectra of the Sun, 
Stars, and Nebulae, and numerous Illustrations. By J. Norman 
LoCKYER, F.R.A.S. Third Thousand. i8mo. $s. dd. 

The author has here aimed to give a connected view of the whole subject, 
and to supply facts, and ideas founded on the facts, to serve as a basis for 
subsequent study and discussion. The chapters treat af the Stars and 
Nebuhe; the Sun; the Solar Systetn ; Apparent Movements of the Heatenly 
Bodies; the Measurement of Time ; Light; the Telescope and Spectroscope; 
Apparent Places of the Heavenly Bodies; the Real Distances and Dimen- 
sions; Universal Gravitation. The most recent astronomical discoveries 
are incorporated. Mr. Lockyer' s work supplements that of the Astronomer 
Royal mentioned in the previous article. 

PHYSIOLOGY. 

PROFESSOR HUXLEY'S LESSONS IN ELEMENTARY 
PHYSIOLOGY. With numerous Illustrations. By T. H. 
Huxley, F.R.S. Professor of Natural History in the Royal School 
of Mines. Eighth Thousand. i8mo. cloth. 4j. firf. 

This book describes and explains, in a series of graduated lessons, the 
principles ef Human Physiology ; or the Structure and Functions of the 
Human Body. The first lesson supplies a general view of the subject. 
This is followed by sections on the Vascular or Veinous System, and the 
Circulation ; the Blood and the Lymph ; Respiration ; Sources of Loss 
and of Gain to the Blood ; the Function of Alimentation ; Motion and 
Locomotion; Sensations and Sensory Organs; the Organ of Sight ; the 
Coalescence of Sensations with one another and with other States of Con- 
sciousness ; the Nervous System and Lnnervation ; Histology, or the 
Minute Structure of the Tissues. A Table of Anatomical and Physio- 
logical Constants is appended. The lessons are fully illustrated by 
numerous engravings. The manual is pri?narily intended to serve as a 
text-book for teachers and learners in boy^ and girls' schools. 
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QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 
By T, Alcock, M.D. i8mo. \s. dd. 

These Questions were drawn up as aids to the instrttetion of a class of 
VOttHg people in Physiology. 

BOTANY. 

PROFESSOR OLIVER'S LESSONS IN ELEMENTARY 
BOTANY. With nearly Two Hundred Illustrations. By Daniel 
Oliver, F.R.S., F.L.S. Sixth Thousand. i8mo. cloth, /p-. 6rf. 

This book is designed to teach the Elements of Botany on Professor 
HeHslaaf s plan of selected Types and by the use of Schedules. The earlier 
chapters, embriuing the elements of Structtiral and Physiological Botany, 
introduce us to the methodical study of the Ordinal Types. The con- 
cluding chapters are entitled, "■Haw to dry Plants" and "How to 
describe Plants." A valuable Glossary is appended to the volume. In 
the preparation of this work free use has been made of the manuscript 
materials of the late Professor Henslow. 

CHEMISTRY. 

PROFESSOR ROSCOE'S LESSONS IN ELEMENTARY 

CHEMISTRY, INORGANIC AND ORGANIC. By Henry 

E. RoscoE, F.R.S., Professor of Chemistry in Owens College, 

Manchester. With numerous Illustrations and Chromo-Litho. of 

the Solar Spectrum, and of the Alkalies and Alkaline Earths, 

New Edition. Thirteenth Thousand. i8mo. cloth. 4J. dd. 

It has been the endeavour of the author to arrange the most important 

facts and principles of Modern Chemistry in a plain but concise and 

scientific form, suited to the present requirements of elementary instruction. 

For the purpose of facilitating the attainment of exactitude in the knowledge 

of the subject, a series of exercises and questions upon the lessons have been 

added. The metric system of weights and measures, and the centigrade 

thermometric scale, are used throughout the work. The new Edition, 

besides new wood-cuts, contains- many additions and improvements, and 

includes the most important of the latest discoveries. 
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MISCELLANEOUS. 



ATLAS OF EUROPE. GLOBE EDITION. Uniform in size 
with Macmillan's Globe Series, containing 45 Coloured Maps, on 
a uniform scale and projection : witli Hans of London and Paris, 
and a copious Index. Strongly bound in half-morocco, with flexible 
back, 9j. 

This Atlas includes all the countries of Europe in. a series of 48 Maps 
drawn on the same scale, iiiiih an Alphabetical Index to the situation of 
more than ten thousand places ; and the relation of the various maps and 
countries to each other is defined in a general Key-map. The identity of 
scale in all the maps facilitates the comparison of extent and distance, and 
conveys a fust impression of the magnitude of different countries. The 
size suffices to show the provincial divisions, the railways and main roads, 
the principal rivers and mountain ranges. " This atlas," writes the 
British Quarterly, " will be an invaluable boon for the school, the desk, or 
the traveller' s portmanteau." 

Bates & Lockyer.— A CLASS-BOOK OF GEOGRAPHY. 
Adapted to the recent Programme of the Royal Geographical 
Society. By H. W. Bates, Assistant Secretary to the Royal 
Geographical Society, and J. N. Lockyer, F.R.A.S. 

[/« the Press. 

CAMEOS FROM ENGLISH HISTORY. From Rollo to Edward 
II. By the Author of "The Heir of Redclyffe." Extra fcap. 
8vo. Second Edition. i,s. 

The endeavour has not been to chronicle feuts, but to put together a series 
.of pictures of persons and events, so as to arrest the attention, and give 
some individuality and distinctness to the recollection, by gathering together 
details at the most memorable moments. The " Cameos " are inteiided as 
a hook for young people iust beyond the elementary histories of England, 
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and able to enter in some degree into the real spirit of events, and to be 
struck with characters and scenes presented ^ in some relief. " Instead of 
dry details" says the Nonconformist, "we have living pictures, faithful, 
vivid, and striking." 

HISTORICAL SELECTIONS. Readings from the best Authorities 
on English and European History. Selected and Arranged by 
E. M. Sewell and C. M. Yonge. Crown 8vo. 6^. 

Whenyoung children have acquired the outlines of History from abridg- 
ments and catechisms, and it becomes desirable to give a m,ore enlarged 
view of the subject, in order to render it really useful and interesting, it' 
difficulty often arises as to the choice of books. Two courses are open, either 
to take a general and consequently dry history of facts, such as RusseVs 
Modern Europe, or to choose some work treating of a particular period or 
subject, such as the works of Macaulay and Froude. The former course 
usually renders history uninteresting ; the latter is unsatisfactory, because 
it is not sufficiently comprehensive. To remedy this difficulty selections, 
continuous and chronological, have, in the present volum.e, been taken from 
the larger works of Freeman, Milman, Palgrave, and others, which may 
serve as distinct landmarks of historical reading. " We know of scarcely 
anything," says the Guardian, of this volume, "which is so likely to raise 
to a higher level the average standard of English education." 

Hole.— A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rev. C. Hole. On 
Sheet. \s. 
The dijferent families are printed in distinguishing colours, thus, 
facilitating reference. 

A BRIEF BIOGRAPHICAL DICTIONARY. Compiled and 
Arranged by CHARLES Hole, M.A., Trinity College, Cambridge.. 
Second Edition, l8mo. neatly and strongly bound in cloth. 4f. dd. 

The most comprehensive Biographical Dictionary in the world, con- 
taining more than 18,000 names of persons of all countries, with dates oj 
birth and death, and what they were distinguished for. Reference is also 
made to Biographies of the persons mentioned. Extreme care has been 
bestowed on the verification of the dates, and thus numerous errors, current 
in previous works, have been corrected. 

"■An invaluable addition to our manuals oj reference, and, from its 
moderate price, cannot faU to become as popular as it is useful."— Tmus. 
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Jephson. — SHAKESPEARE'S TEMPEST. With Glossarial 
and Explanatory Notes. By the Rev. J. M. Jephson. i8mo. 
\s. (id. 

It is imfortant to find some substitute for classical study, and it is 
believed that such a substitute may be found in the Plays of Shakespeare. 
Each sentence of Shakespeare becomes, like a sentence in Thucydides or 
Cicero, a lesson in the origin and derivation of words, and in the funda- 
mental rules of grammatical construction. On this principle the present 
edition of the" Tempest" has been prepared. The text is taken from the 
' ' Cambridge Shakespeare." 



Oppen. — FRENCH READER. For the Use of Colleges and 
Schools. Containing a graduated Selection from modern Authors 
in Prose and Verse ; and copious Notes, chiefly Etymological. By 
Edward A. Oppen. Fcap. 8vo. cloth. ^.6d. 

This is a Selection from the best modern authors of France. Its dis- 
tinctive feature consists in its etymological notes, connecting French with 
the classical and modern languages, including the Celtic. This subject 
has hitherto been little discussed even by the best-educated teachers. 

A SHILLING BOOK OF GOLDEN DEEDS. A Reading Book 
for Schools and General Readers. By the Author of " The Heir 
of Redclyffe." iSmo. cloth. 

A record of some of the good and great deeds of all time, abridged from 
■ the larger work of the same author in the Golden Treasury Series. 



Vaughan, C. M. — a SHILLING BOOK OF WORDS 
FROM THE POETS. By C. M. Vaughan. i8jno. cloth. 

It has been felt of late years that the children of our'' parochial schools, 
and those classes of our countrymen which they commonly represent, are 
capable of being interested, and therefore benefited also, by something higher 
in the scale of poetical composition than those brief and somewhat puerile 
fragments to which their knowledge was formerly restricted. An attempt 
has here been made to supply the want by forming a selection at once 
various and unambitious ; healthy in tone, just in sentiment, elevating in 
thought, and beautiful in expression. 
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Thring. — Works by Edward Thring, M.A., Head Master of 
Uppingham. 

THE ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH, 
with Questions. Fourth Edition. i8mo. 2s. 

This little "work is chiefly intended for teachers and learners. It took its 
rise from questionings in National Schools, and the whole of the first part 
is merely the iitriting out in order the answers to questions which have been 
used already with success. A chapter on Learning Language is especially 
addressed to teachers. 

THE CHILD'S GRAMMAR. Being the Substance of "The 
Elements of Grammar taught in English," adapted for the Use of 
Junior Classes. A New Edition. i8mo. is. 

SCHOOL SONGS. A Collection of Songs for Schools. With the 
Music arranged for four Voices. Edited by the Rev. E. Thring 
and H. RiCCIUS. Folio. Is. dd. 

There is a tendency in schools to stereotypethe forms of lifel Any genial 
solvent is valuable. Games do much; but games do not penetrate to 
domestic life, and are m.uch limited by age. Music supplies the want. 
The collection includes the " Agnus Dei," Tennyson's "Light Brigade," 
Macaulay's " Ivry," &'c, among other pieces. 

Trench, Archbishop.— HOUSEHOLD BOOK OF ENG- 
LISH POETRY. Selected and Arranged, with Notes, by 
R. C. TjiENCH, D.D., Archbishop of Dublin. Extra fcap. 8vo. 
t)S. dd. 
This volume is called a "Household Book," by this name implying that 
it is a book for all— that there is nothing in it to prevent it from being 
confidently placed in the hands of every member of the household. Speci- 
mens of all classes of poetry are given, including selections from living 
authors. The Editor has aimed to produce a book " which the emigrant, 
finding room for little not absolutely necessary, might yet find room for it 
in his trunk, and the traveller in his knapsack, and thai on some narrow 
shelves where there are few books this might be one." 

" The Archbishop has conferred in this delightful volume an important 
gift on the wJwle English-spiahing population of the world.""— Pai.-l MaLL 
Gazette. 
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DIVINITY 



Wright, W. Aldis (Co-Editor of the" Cambridge Shakespeare"). 
—THE BIBLE WORD-BOOK. A Glossary of Old English 
Bible Words. By J. Eastwood, M.A., of St. John's College, and 
W. Aldis Wright, M.A., Trinity College, Cambridge. i8mo. 
Sj-. dd. 

It is the object of this Glossary to explain and illustrate all such words, 
phrases, and constructions, in the Authorized Version of the Old and New 
Testaments and the Apocrypha, and in the Book of Common Prayer, as 
are either obsolete or archaic. Full explanations are supplied, and these 
illustrated by numerous citations froW' the elder writers. An index of 
editions quoted is appended. Apart from its immediate subject, this work ' 
serves to illustrate a well-marked period in the history of the English 
language. It is thus of distinct philological value, 

Hardwick. — a HISTORY OF THE CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to the Excommunication 
of Luther. By Archdeacon Hardwick. Edited by Francis 
Procter, M.A. With Four Maps constructed for this work by 
A. Keith Johnston. Second Edition. Crown 8vo. lox. (>d. 

The ground-plan of this treatise coincides in many points with one 
adopted at the close of the last century in the colossal work of Schrockk, and 
since that time by others of his thoughtful countrymen ; but in arranging 
the materials a very different course has frequently been pursued. With 
regard to the opinions of the author, he is uoilling to avow distinctly that he 
has construed history with the specific prepossessions of an Englishman and 
a member of the English Church. The reader is constantly referred to 
t/ie authorities, both original and critical, onjwhich the statements are 
founded. 
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Hardwick, Archdeacon — continued. 

A HISTORY OF THE CHRISTIAN CHURCH DURING THE 
REFORMATION. By Archdeacon Hardwick. Revised by 
Francis Procter, M. A. Second Edition. Crown 8vo. \os.(id. 

This volume is intended as a sequel and companion to the " History of 
the Christian Church during the Middle Age" The author's earnest 
•wish has been to give the reader a trustworthy version of those stirring 
incidents which mark the Reformation period, without relinquishing his 
former claim to characterise peculiar systems, persons, and events according 
to the shades and colours they assume, when contemplated from, an English 
point of view, and by a member of the Church of England. 

Maclear. — Works by the Rev. G. F. MACLEAR, B.D., Head 
Master of King's College School, and Preacher at the Temple 
Church. 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. Fourth 
Edition, with Four Maps. i8mo. cloth. 4^. 6d. 

This volume forms a Class-book of Old Testament History from the 
earliest tim^s to those of Ezra and Nehemiah. In its preparation the 
most recent authorities have been consulted, and wherever it has appeared 
useful. Notes have been subjoined illustrative of the Text, and, for the sake 
of more advanced students, references added to larger works. The Index 
has been so arranged as to form a concise dictionary of the persons and 
iilaces mentioned in the course of the narrative; while the maps, which have 
been prepared with considerable care at Stanford's Geographical Establish- 
ment, will, it is hoped, materially add to the value and usefulness of the 
Book. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, including 
the Connexion of the Old and New Testament. With Four Maps. 
Third Edition. i8mo. cloth. Sj. dd. 
A sequel to the author's Class-book of Old Testament History, continuing 
the narrative from the point at which it there ends, and carrying it on to 
the close of St. Paul's second imprisonment at Rome. In its preparation, 
as in that of the former volume, the most recent and trustworthy authorities ' 
have been consulted, notes subjoined, and references to larger works added. 
It is thus hoped that it may prove at once an useful class-book and a 
convenient companion to the study of the Greek Testament. 
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Maclear, Rev. G. Y .—continued. 

A SHILLING BOOK OF OLD TESTAMENT HISTORY, for 
National and Elementary Schools. With Map. i8mo. cloth. 

A SHILLING BOOK OF NEW TESTAMENT HISTORY, for 
National and Elementary Schools. With Map. i8mo. doth. 

These works have been carefully abridged Jrem the author's larger 
manuals, 

CLASS-BOOK OF THE CATECHISM OF THE CHURCH OF 
ENGLAND. Second Edition. i8mo. cloth, is. dd. 

This may be regarded as a sequel to the Class-books of Old and New 
Testament History, Like them, it is furnished with notes and references 
to larger "works, and it is hoped thai it may be found, especially in the 
higher forms of our Public Schools, to supply a suitable manual of 
instruction in the chief doctrines of the English Chiinh, and a useful 
help in the preparation of Candidates fjyr Confirmation, 

A FIRST CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND, with Scripture Proofs, for Junior 
Classes and Schools. i8mo. ()d, 

THE ORDER OF CONFIRMATION. A Sequel to the Class 
Book of the Catechism. For the use of Candidates for Confirma- 
tion. With Prayers and Collects. i8mo. T,d. 



Procter.— A HISTORY OF THE BOOK OF COMMON 
PRAYER, with a Rationale of its Offices. By Francis Procter, 
M.A. Eighth Edition, revised and enlarged. Crown Svo. 
loj. 6d, 

In the course of the last twenty years the whole question of Liturgical 
knowledge has been reopened with great learning and accurate research, 
and it is mainly with the view of epitomizing extensive publications, and 
correcting the errors and misconceptions which had obtained currency, 
that the present volume has been tut together. 
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Procter and Maclear.— an ELEMENTARY INTRO- 
DUCTION TO THE BOOK OF COMMON PRAYER. 
Third Edition, re-arranged and supplemented by an Explanation 
of the Morning and Evening Prayer and the Litany. By the Rev. 
F. Procter and the Rev. G. F. Maclear. Third Edition. iSmo. 

As in the other Class-books of the series, notes have also been subjoined, 
and references given to larger works, and it is hoped that the volume will 
be found adapted for use in the higher forms of our Public Schools, and a 
suitable manual for those preparing for the Oxford and Cavtbridge local 
examinations. This new Edition has been considerably altered, and 
several ititpartant additions have been made. Besides a re-arrangetnent 
of the work generally, the Historical Portion has been stfpplemented by an 
Explanation of the Morning and Evening Prayer and of the Litany. 

PSALMS OF DAVID CHRONOLOGICALLY ARRANGED. 
BY FOUR FRIENDS. An Amended Version, with Historical 
Introduction and Eixplanatory Notes. Crown Syo. los. td. 

To restore the Psalter as far as possible to the order in which the Psalms 
were written, — to give the division of each Psalm, into strophes, of each 
strophe into the lines which composed it, — to amend the errors of translation, 
is the object of the present Edition. Professor Ewald's works, especially 
that on the Psalms, have been extensively consulted. 

This book has been ustd with satisfactioft by masters for private wor^ in 
higher classes in schools. 

Ramsay. — the CATECHISER'S manual; or, the Church 
Catechism illustrated and (explained, for the use of Clergymen, 
Schoolmasters, and Teachers. By the Rev. Arthur Ramsay, 
M.A. Second Edition. i8mo. is. bd. 
A clear explanation of the Catechism, by way of question and answer. 

Simpson.— AN EPITOME OF THE HISTORY OF THE 
CHRISTIAN CHURCH. By William Simpson, M.A. 
Fourth Edition. Fcap. 8vo. ■^s. (sd. 

A compendious summary of Church History. 
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Swainson.— A HANDBOOK to BUTLER'S ANALOGY. By 
C. A. Swainson, D.D., Norrisian Professor of Divinity at 
Cambridge. Crown 8vo. \s. 6d. 

This manual is designed to serve as a handbook or road-book to the 
Student in reading the Analogy, to give the Student a sketch or outline map 
of the country on which he is entering, and to point out to him matters of 
interest as he passes along. 



WestCOtt. — A GENERAL SURVEY OF THE HISTORY 
OF THE CANON OF THE NEW TESTAMENT DURING 
THE FIRST FOUR CENTURIES. By Brooke Foss West- 
COTT, B.D., Canon of Peterborough. Second Edition, revised. 
Crown 8vo. los. 6d. 

The A uthor has endeavoured to connect the history of the New Testament 
Canon with the growth and consolidation of the Church, and to point out 
the relation existing between the amount of evidence for the authenticity of 
its com.ponent parts, and- the whole mass of Christian literature. Such a 
method of inquiry will convey both the truest notion of the connexion of the 
written Word with the living Body of Christ, and the surest conviction of 
its divine authority. 

Of this work the Saturday Review writes: " Theological students, and 
not they only, but the general public, owe a deep debt of gratitude to 
Mr. Westcott for bringing this subject fairly before them in this candid and 
comprehensive essay. .... As a theological work it is at once perfectly fair 
and impartial, and imbued with a thor'oughly religious spirit; and as a 
manual it exhibits, in a lucid form, and in a narrow compass, the results 
of extensive research and accurate thought. We cordially recommend it, " 



INTRODUCTION TO THE STUDY OF THE FOUR GOSPELS. 
By Brooke Foss Westcott, B.D. Third Edition. Crown Svo. 
los. 6d. 

This book is intended to be an Introduction to the Study of the Gospels. 
The author has made it a point carefully to study the researches of the great 
writers, and consciously to neglect none. There is an elaborate discussion 
appended "On the Primitive Doctrine of Inspiration," 
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Westcott, Canon — continued, 

A GENERAL VIEW OF THE HISTORY OF THE ENGLISH 
BIBLE. By Brooke Foss Westcott, B.D. Crown 8vo. ics.6d. 
" T^e first tmstworthy account we have had of that unique and mar- 
vellous monument of the piety of our ancestors." — Daily News. 

THE BIBLE IN THE CHURCH. A Popular Account of the 

Collection and Reception of the Holy Scriptures in the Christian 

Churches. Second Edition. By Brooke Foss Westcott, B.D. 

i8mo. cloth, 4r. 6d. 

The present book is an attempt to answer a request, which has been made 

from time to time, to place in a simple form, for the use of general readers, 

the substance of the author's "History of the Canon of the New Testament." 

^n elaborate and comprehensive Introduction is followed by chapters on 

the Bible of the Apostolic Age; on the Growth of the New Testament ; the 

Apostolic Fathers ; the Age of the Apologists ; the First Christian Bible; 

the Bible Proscribed and Restored ; the Age of Jerome and Augustine ; 

the Bible of the Middle Ages in the West and in the East, and in the 

Sixteenth Century. Two appendices on the History of the Old Testament 

Canon before the Christian Era, and on the Contents of the most ancient 

MSS. of the Christian Bible, complete the volume. 

THE GOSPEL OF THE RESURRECTION. Thoughts on its 

Relation to Reason and History. By Brooke Foss Westcott, 

B.D. New Edition. Fcap. 8vo. 4j. dd. 

This Essay is an endeavour to consider some of the elementary truths 

0f Christianity as a miraculous Revelation from the side of History and 

Reason. If the arguments which are here adduced are valid, they will go 

far to prove that the Resurrection, with all that it includes, is the key to 

the history of man, and the complement of reason. 

Wilson.— AN ENGLISH, HEBREW, AND CHALDEE 
LEXICON AND CONCORDANCE, to the more Correct 
Understanding of the English translation of the Old Testament, 
by reference to the Original Hebrew. By William Wilson, 
D.D., Canon of Winchester, late Fellow of Queen's College, 
Oxford. Second Edition, carefiiUy Revised. 4to. doth. 25^. 
The aim of this work is, that it should be useful to clergymen and all 

persons engaged in the study of the Bible, even when they do not possess a 

knowledge of Hebrew; while able Hebrew scholars have borne testimony to 

the help that they themselves have found in it. 
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BOOKS ON EDUCATION. 



Arnold.— A French eton; or, middle class 

EDUCATION AND THE STATE. By Matthew Arnold. 
Fcap. 8vO. cloth. 7S. (sd. 

"A very interesting dissertation on the system of secondary instruction 
in I'rattce, and on the advisability of copying the system in England" — 
Saturday Review. 

SCHOOLS AND UNIVERSITIES ON THE CONTINENT. 
8vo. icw. (sd. 

The Author was in 1865 chargea by the Schools Inquiry Commissioners 
with the task of investigating the system of education for the middle and 
upper classes in France,. Italy, Germany, and Switzerland, In the dis' 
charge of this task he was oil the continent nearly seven months, and 
during that time he visited the four countries named, and made a careful 
study oj the matters to which the Commissioners had directed his attention. 
The present volume contains the report which he made to them. It is here 
adapted to the use of the general reader. 

ESSAYS ON A LIBERAL EDUCATION. Edited hy the Rev. 
F. W. Farrar, M.A., F.R.S., Assist-amt Master at Harrow, 
late Fellow of Trinity College, Cambridge, and Hon. Fellow of 
King's College, London. Second Edition. 8vo. cloth. lar. (sd. 

Contents •.-^History oJ Classical Education, by Charles S. Parker, 
M.A. ; Theory of Classical Education, by Henry Sedgwick, M.A. ; 
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Liberal Education in Universities, b}i John Seeley, M.A. ; Teachi)tg by 
means of Grammar, by E. E. Bowen, M.A. ; Greek and Latin Verse- 
Composition, by the Rev. F. W. Farrar ; Natural Science in Schools, by ' 
y. M. Wilson, M.A., F.G.S.; The Teaching 0/ English, by J. W. Hales, 
M.A. ; Education of the Seasoning Faculties, by W. Johiuon, M.A. ; 
The present Social Results of Classical Education, by Lord Houghton. 

The Authors have sought to hasten the expansion and improvement of 
liberal education by showing in what light some of the most interesting 
questions of Educational Reform are viewed by men who have had 
opportunities for forming a judgment respecting them, and several of 
whom have been for some time engaged in the work of education at our 
Universities and Schools. 



Farrar.— ON SOME DEFECTS IN PUBLIC SCHOOL 
EDUCATION. A Lecture delivered at the Royal Institution. 
With Notes and Appendices. Crown 8vo. \s. 



Jex-Blake.— A VISIT TO SOME AMERICAN SCHOOLS 
AND COLLEGES. By. Sophia Jex-Blake. Crown 8vo. cloth. 
(,s. 

' ' In the following pages I have endeavoured to give a simple and accurate 
account of what I saw during a series of visits to some of the Schools and 
Colleges in the United States. . . . I wish simply to give other teachers an 
opportunity of seeing through my eyes what they cannot perhaps see for 
themselves, and to this end I have recorded just such particulars as I should 
myself care to y^Kra;."— Author's Preface. 

^^ Miss Blake gives a living picture of the Schools and Colleges them- 
selves, in which that education is carried on." — Pall Mall Gazette. 



Thring. — EDUCATION and school. Bythe Rev. Edward 
ThrinG, M.A., Head Master ol Uppingham. Second Edition. 
Crown 8vo. cloth. Sj. (>d. 
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Youmans. — modern culture: its True Aims and Require- 
ments. A Series of Addresses and Arguments on the Claims of 
Scientific Education. Edited by Edward L. Youmans, M.D. 
Crown 8vo. &r. (sd. 

Contents,: — Professor lyndall on the Study of Physics ; Dr. Daubeny 
on the Study of Chemistry ; Professor Henfrey on the Study of Botany ; 
Professor Huxley on the Study of Zoology ; Dr. J. Paget on the Study oj 
Physiology; Dr. Whcwdl on the Educational History of Science ; Dr. 
Faraday on the Education of the Judgment; Dr. Hodgson on the Study 
of Economic Scieme ; Mr. Herbert Spencer on Political Education; 
Professor Mdsson on College Education and Self Education ; Dr. Youmans 
on the Scientific Study of Human Nature. An Appendix contains extracts 
from distinguished authors, and from the Scientific Evidence given before 
the Public Schools Commission. 
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